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ABSTRACT
We showhow the notion ofmessagepassing can be used to streamline the algebra and computer coding for
fast approximate inference in large Bayesian semiparametric regressionmodels. In particular, this approach
is amenable to handling arbitrarily large models of particular types once a set of primitive operations is
established. The approach is founded upon a message passing formulation of mean field variational Bayes
that utilizes factor graph representations of statistical models. The underlying principles apply to general
Bayesian hierarchical models although we focus on semiparametric regression. The notion of factor graph
fragments is introduced and is shown to facilitate compartmentalizationof the required algebra and coding.
The resultant algorithms have ready-to-implement closed form expressions and allow a broad class of arbi-
trarily large semiparametric regression models to be handled. Ongoing software projects such as Infer.NET
and Stan support variational-type inference for particular model classes. This article is not concerned with
software packages per se and focuses on the underlying tenets of scalable variational inference algorithms.
Supplementary materials for this article are available online.

1. Introduction

We derive algorithmic primitives that afford fast approximate
inference for arbitrarily large semiparametric regressionmodels.
The fit updating steps required for fitting a simple semiparamet-
ric regression model, such as Gaussian response nonparametric
regression, can also be used for a much larger model involving,
for example, multiple predictors, group-specific curves and
non-Gaussian responses. Such update formulas only need to be
derived and implemented once, representing enormous savings
in terms of algebra and computing coding.

Semiparametric regression extends classical statistical mod-
els, such as generalized linear models and linear mixed mod-
els, to accommodate nonlinear predictor effects. The essence
of the extension is penalization of basis functions such as B-
splines and Daubechies wavelets. Such penalization can be
achieved through random effects models that have the same
form as those used traditionally in longitudinal and multilevel
data analysis. Generalized additivemodels, group-specific curve
models, and varying coefficient models are some of the fami-
lies of models that are included within semiparametric regres-
sion. If a Bayesian approach is adopted then semiparametric
regression can be couched within the directed acyclic graphi-
calmodels infrastructure and, for example,Markov chainMonte
Carlo (MCMC) and mean field variational Bayes (MFVB) algo-
rithms and software can be used for fitting and inference. The
MFVB approach has the advantage of being scalable to very
large models and big datasets. Recent articles by the author
that describe MCMC andMFVB approaches to semiparametric
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regression analysis include Ruppert, Wand and Carroll (2009),
Wand (2009), Marley and Wand (2010), Wand and Ormerod
(2011), and Luts, Broderick, and Wand (2014).

In this article, we revisit MFVB for semiparametric regres-
sion but instead work with an approach known as variational
message passing (VMP) (Winn and Bishop 2005). The MFVB
and VMP approaches each lead to ostensibly different iterative
algorithms but, in a wide range of models, converge to the iden-
tical posterior density function approximations since they are
each founded upon the same optimization problem. VMP has
the advantage that its iterative updates are amenable to mod-
ularization, and extension to arbitrarily large models, via the
notion of factor graph fragments. Factor graphs (Frey et al. 1998),
described in Section 2.3, are a relatively new graphical concept.
As explained in Minka (2005), mean field variational approx-
imation iterative updates can be expressed as messages passed
between nodes on a suitable factor graph. Message passing is a
general principle in software engineering for efficient comput-
ing within so-called distributed systems (e.g., Ghosh 2015). In
the contemporary statistics literature, Jordan (2004) explained
how message passing can be used to streamline the computa-
tion of marginal probability mass functions of the nodes on
large discrete random variable probabilistic undirected trees as
a pedagogical special case of the factor graph treatment given
in Kschischang, Frey, and Loeliger (2001). This particular mes-
sage passing strategy is known as the sum–product algorithm.
Despite its appeal for efficient and modular computation on
large graphical models, message passing on factor graphs is not
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well known in mainstream statistics. The thrust of this article
is an explanation of how it benefits semiparametric regression
analysis. Even thoughwe concentrate on semiparametric regres-
sion, the principles apply quite generally and can be transferred
to other classes of statistical models such as those involving,
for example, missing data, time series correlation structures and
classification-oriented loss functions.

The efficiencies afforded by VMP also apply to another mes-
sage passing algorithm known as expectation propagation (e.g.,
Minka 2005), although here we focus on the simpler VMP
approach. The high-quality software package Infer.NET (Minka
et al., 2014) supports expectation propagation and VMP fitting
of various Bayesian hierarchical models. However, the nature of
MFVB/VMP is such that coverage of various arbitrary scenar-
ios in a general purpose software package is virtually impos-
sible. The current release of Infer.NET has limitations in that
many important semiparametric regression scenarios are not
supported and self-implementation is the only option. There-
fore, it is important to understand themessage passing paradigm
and how it can be used to build both general purpose and special
purpose approximate inference engines. This article is a launch
pad for the algebra and computing required for fitting arbitrary
semiparametric regression models, and other statistical mod-
els, regardless of support by Infer.NET. At first glance, the alge-
bra of VMP is foreign-looking for readers who work in statis-
tics. Section 3 provides the details of VMP for a Bayesian lin-
ear regression model and working through it carefully is recom-
mended for digestion of the concept.

Recently, Kucukelbir et al. (2016) announced support of
Gaussian variational approximations in the Stan package (Stan
Development Team 2016). This is a different type of approxima-
tion used by Infer.NET and this article.

Mean field restrictions, upon which MFVB/VMP is based,
often lead to much simpler approximate Bayesian inference
algorithms compared with the unrestricted exact case. The
accuracy of the inference is typically very good (e.g., Faes,
Ormerod, and Wand 2011, Luts and Wand 2015). Nevertheless,
mean field variational inference is prone to varying degrees of
inaccuracy and, for classes of models of interest, benchmarking
against Markov chain Monte Carlo fitting is recommended to
see if the accuracy ofMFVB/VMP is acceptable for the intended
application. In Sections 4 and 5, we show how a wide variety
of Gaussian, Bernoulli and Poisson response semiparametric
models can be accommodated via a few updating rules. More-
over, the updates involve purely matrix algebraic manipulations
and can be readily implemented, and compartmentalized
into a small number of functions, in the analyst’s computing
environment of choice.

As explained in Section 3.5 of Winn and Bishop (2005), the
messages required for VMP fitting can be passed according
to a flexible schedule with convergence occurring, under mild
conditions, regardless of the order in which the messages are
updated. This entails straightforward parallelizability of VMP
algorithms, meaning that for large models the computing can
be distributed across several cores. Luts (2015) contained details
on parallelization of variational semiparametric regression anal-
ysis for distributed datasets. In a similar vein, VMP can achieve
real-time fitting and inference for semiparametric regression by
analogy with the MFVB approaches described by Luts, Broder-
ick and Wand (2014).

Section 2 provides background material relevant to VMP. In
Section 3, we use a Bayesian linear regression setting to convey
the main ideas of VMP and then describe the ease of extension
to larger models. Sections 4 and 5 form the centerpiece of this
article. They describe eight factor graph fragments that are the
building blocks of a wide range of arbitrarily large semipara-
metric regression models. The more straightforward Gaussian
response case is treated first in Section 4 and then, in Section 5,
we show how Bernoulli and Poisson response models can also
be accommodated via the addition of only a handful of alge-
braic rules. Speed considerations are briefly discussed in Section
6 before some concluding remarks in Section 7. An online sup-
plement to this article provides technicalities such as detailed
derivations.

2. BackgroundMaterial

Here, we provide some notation and coverage of background
material required for our treatment of VMP for semiparamet-
ric regression in upcoming sections.

2.1. Density Function Notation

In keeping with the MFVB and VMP literature, we let p be the
generic symbol for a density function when describing mod-
els and exact posterior density functions. Approximate poste-
rior density functions according toMFVB/VMP restrictions are
denoted generically by q.

As an example, consider amodel having observed data vector
y and parameter vectors θ1 and θ2. The joint posterior density
function of θ1 and θ2 is

p(θ1, θ2|y) = p(θ1, θ2, y)
p(y)

.

Amean field approximation to p(θ1, θ2|y), based on the restric-
tion that θ1 and θ2 have posterior independence, is denoted by
q(θ1)q(θ2) with the dependence on y suppressed. The essence
of mean field approximation and references to more detailed
descriptions are given in Section 3.1.

2.2. Matrix Definitions and Results

If v is a column vector then ∥v∥ ≡
√

vTv. For a d × d matrix A
we let vec(A) denote the d2 × 1 vector obtained by stacking the
columns of A underneath each other in order from left to right.
For a d2 × 1 vector a we let vec−1(a) denote the d × d matrix
formed from listing the entries of a in a columnwise fashion in
order from left to right. Note that vec−1 is the usual function
inverse when the domain of vec is restricted to square matri-
ces. In particular, vec−1{vec(A)} = A for d × d matrices A and
vec{vec−1(a)} = a for d2 × 1 vectors a. The following identity
links vec and the matrix trace: tr(ATB) = vec(A)Tvec(B) for
any two matrices A and B such that ATB is defined and square.
If a and b are both d × 1 vectors then a⊙ b denotes their ele-
mentwise product and a/b denotes their elementwise quotient.
Lastly, we use the convention that function evaluation is elemen-
twise when applied to vectors. For example, if s : R→ R then
s(a) denotes the d × 1 vector with ith entry equal to s(ai).
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2.3. Exponential Family Distributions

Univariate exponential family density and probability mass
functions are those that can be written in the form

p(x) = exp{T (x)Tη− A(η)}h(x) (1)

where T (x) is the sufficient statistic, η is the natural parame-
ter, A(η) is the log-partition function, and h(x) is the base mea-
sure. Note that the sufficient statistic is not unique. However, it is
common to take T (x) to be the simplest possible algebraic form
given p(x).

An exponential family density function that arises several
times in this article is that corresponding to an Inverse Chi-
Squared random variable. The density function has general
form

p(x) = {(λ/2)κ/2/#(κ/2)} x−(κ/2)−1 exp{−(λ/2)/x}, x > 0,
(2)

where κ > 0 and λ > 0 are, respectively, shape and scale param-
eters. Simple algebraic manipulations show that (2) is a special
case of (1) with

T (x) =
[
log(x)
1/x

]

, η =
[

η1

η2

]

=
[
− 1

2 (κ + 2)
− 1

2λ

]

and

h(x) = I(x > 0),

where I(P ) = 1 if P is true and I(P ) = 0 if P is false. The
log-partition function is A(η) = (η1 + 1) log(−η2) + log#

(−η1 − 1).
Section S.1 of the online supplement chronicles the sufficient

statistics and natural parameter vectors, and other relevant rela-
tionships, for several exponential family distributions arising in
semiparametric regression. Included is extension tomultivariate
density functions for random vectors and matrices.

2.4. Factor Graphs

A factor graph is a graphical representation of the fac-
tor/argument dependencies of a real-valued function. Consider,
for example, the function h defined on R5 as follows:

h(x1, x2, x3, x4, x5) ≡ (x1 + x2) sin(x2 + 3x3x4 )

×
√ x3
x33 + 1

tan8(x24 − x5) coth
(

x5 + 9
7x1 + 1

)

= f1(x1, x2) f2(x2, x3, x4) f3(x3) f4(x4, x5) f5(x1, x5)
(3)

where, for example, f1(x1, x2) ≡ x1 + x2 and f2, . . . , f5 are
defined similarly. Then, Figure 1 shows a factor graph corre-
sponding to h. The circular nodes match the arguments of h
and the square nodes coincide with the factors in (3). Edges are
drawn between each factor node and arguments of that factor.
Factor graphs of functions are not unique since, for example, f1
and f2 could be combined into a single factor and a different
factor graph would result.

All of the factor graphs in the remainder of this article are
such that the circular nodes correspond to random variables,
randomvectors, and randommatrices. Hence, we use the phrase

Figure . A factor graph corresponding to the function h(x1, x2, x3, x4, x5) defined
by ().

stochastic node to describe a circular node. A square node is sim-
ply called a factor. We use the word node to describe either a
stochastic node or a factor. If two nodes on a factor graph are
joined by an edge then we say that the nodes are neighbors of
each other.

2.5. Variational Message Passing

Consider a Bayesian statistical model with observed data D and
parameter vector θ. A mean field variational approximation to
the posterior density function p(θ|D) is

p(θ|D) ≈ q∗(θ)

where q∗(θ) is theminimizer of theKullback–Leibler divergence∫
q(θ) log{ q(θ)

p(θ|D)
} dθ subject to the product density restriction

q(θ) =
∏M

i=1 q(θi) and

{θ1, . . . , θM} (4)

is some partition of θ. A useful notation for any subset S of
{1, . . . ,M} is θS ≡ {θi : i ∈ S}. Given the partition (4), the joint
density function of θ and D is expressible as

p(θ,D) =
N∏

j=1

f j
(
θS j

)
for subsets Sj of {1, . . . ,M} and

factors f j, 1 ≤ j ≤ N. (5)

For example, if p(θ,D) is a directed acyclic graphicalmodel with
nodes θ1, . . . , θM and D then

p(θ,D) =
{ M∏

i=1

p(θi|parents of θi)
}

p(D| parents of D) (6)

is an N = M + 1 example of (5) with f j, 1 ≤ j ≤ M, corre-
sponding to the density function of θ j conditional on its parents
and fM+1 corresponding to the likelihood. Each factor is a func-
tion of the subset of (4) corresponding to parental relationships
in the directed acyclic graph. Further factorization of (6) may be
possible.

The factor graph in Figure 2 shows anM = 9,N = 11 exam-
ple of (5). The edges link each factor to the stochastic nodes on
which the factor depends.

VMP can be expressed in terms of updating messages passed
between nodes on the factor graph, and its description benefits
from the notation:

neighbors( j) ≡ {1 ≤ i ≤ M : θi is a neighbor of f j}.
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Figure . A factor graph corresponding to a Bayesian model with stochastic nodes
θ1, . . . , θ9 and factors f1, . . . , f11 .

Examples of this notation for the Figure 2 factor graph are

neighbors(1) = {1}, neighbors(2) = {1, 2, 9} and

neighbors(3) = {6, 7, 8, 9}.

Hence, according to this notation, p(θ,D) =∏N
j=1 f j(θneighbors( j)). For each 1 ≤ i ≤ M and 1 ≤ j ≤ N,

the VMP stochastic node to factor message updates are

mθi→ f j (θi)←−∝
∏

j′ ̸= j: i∈neighbors( j′)
mfj′→θi (θi) (7)

and the factor to stochastic node message updates are

mfj→θi (θi)←−∝ exp
[
E f j→θi

{
log f j(θneighbors( j) )

}]
, (8)

where E f j→θi denotes expectation with respect to the density
function

∏
i′∈neighbors( j)\{i}

mfj→θi′ (θi′ )mθi′→ f j (θi′ )

∏
i′∈neighbors( j)\{i}

∫
mfj→θi′ (θi′ )mθi′→ f j (θi′ ) dθi′

. (9)

In (7) and (8) the←−∝ symbolmeans that the function of θi on
the left-hand side is updated according to the expression on the
right-hand side but that multiplicative factors not depending on
θi can be ignored. For common statistical models, the messages
arising from (8) are proportional to exponential family density
functions and some simple examples are given in Section 3.2.
If neighbors( j)\{i} = ∅ then the expectation in (8) can be dis-
pensed with and the right-hand side of (8) is proportional to
f j(θneighbors( j) ). The normalizing factor in (9) involves summa-
tion if some of the θi′ have discrete components. Upon conver-
gence of the messages, the Kullback–Leibler optimal q-densities
are obtained via

q∗(θi) ∝
∏

j:i∈neighbors( j)
mfj→θi (θi). (10)

The genesis of (7)–(10) is given in Minka (2005) where a
factor graph-based approach to VMP is described. Winn and
Bishop (2005) developed an alternative version of VMP based
on directed acyclic graphs. Yet another version of VMP is given
in Appendix A of Minka and Winn (2008) which is similar, but
not identical to, that given inMinka (2005). All three versions, as
well as MFVB, converge to the same posterior density function
approximations.

Section 3.6 of Winn and Bishop (2005) and Appendix A of
Minka and Winn (2008) also describe the calculation of the
marginal log-likelihood lower bound

log p(D; q) ≡
∫

q(θ) log
{
p(D, θ)

q(θ)

}
dθ (11)

which satisfies log p(D; q) ≤ log p(D) regardless of q. In Winn
and Bishop (2005), log p(D; q) is referred to as the log evidence.
Section S.2.5 of the online supplement describes the streamlined
computation of this quantity within the VMP framework.

2.6. Bayesian Semiparametric Regression

Detailed descriptions of Bayesian semiparametric regression are
given in, for example, Chapter 16 of Ruppert,Wand, and Carroll
(2003), Gurrin, Scurrah, andHazelton (2005), andWand (2009).
Here, we provide a very brief account of the topic.

A fundamental ingredient, which facilitates the incorpora-
tion of nonlinear predictor effects, is that ofmixed model-based
penalized splines. If x is a continuous predictor variable then the
most common form of amixedmodel-based penalized spline in
x is

f (x) = β0 + β1 x +
K∑

k=1

uk zk(x), uk|σu
ind.∼ N(0, σ 2

u ),

1 ≤ k ≤ K, (12)

where {zk : 1 ≤ k ≤ K} is a suitable spline basis. A good default
choice for the zks are canonical cubic O’Sullivan splines as
described in Section 4 of Wand and Ormerod (2008), although
any scatterplot smoother with a linear basis expansion and a sin-
gle quadratic penalty can be reparametrized to have form (12).

In Bayesian semiparametric regression, β0, β1, and σu
are random variables which require prior distributions to be
imposed upon them. A common choice for (β0,β1) is a Bivari-
ate Normal distribution prior, which allows straightforward
approximate noninformativity to be imposed. As explained
in Gelman (2006), approximate noninformativity of σu can
be achieved via Uniform distribution and Half t distribution
priors. The illustrations given in the current article use Half
Cauchy priors for standard deviation parameters such as σu.
This entails setting p(σu) = 2/[π Au{1 + (σu/Au)

2}], σu > 0,
where the scale parameter Au > 0 is a user-specified hyperpa-
rameter. We denote this by σu ∼ Half-Cauchy(A). MFVB and
VMP benefit from the following auxiliary variable result:

if σ 2
u | au ∼ Inverse-χ2(1, 1/au) and

au ∼ Inverse-χ2(1, 1/A2
u)

then σu ∼ Half-Cauchy(Au). (13)

A covariancematrix extension of (13) is described inHuang and
Wand (2013) and is given by (30) in Section 4.1.3.

The presence of penalized univariate or multivariate splines
and, occasionally, penalized versions of other types of basis
functions such as wavelets (e.g., Wand and Ormerod 2011) is
the distinguishing feature of semiparametric regression com-
pared with parametric regression. We advocate a broad view
of the latter with linear models, linear mixed models, and their
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various generalized response extensions included. According to
this viewpoint, Bayesian versions of many of the models used in
longitudinal andmultilevel data analysis (e.g., Diggle et al., 2002;
Fitzmaurice et al., 2008; Gelman and Hill 2007; Goldstein 2010)
lie within the realm of Bayesian semiparametric regression.

2.7. A Central Function: GVMP

For a d × 1 vector v1 and a d2 × 1 vector v2 such that vec−1(v2)

is symmetric, the following function is central to VMP for semi-
parametric regression:

GVMP

([
v1

v2

]

;Q, r, s

)

≡ −1
8
tr
(
Q{vec−1(v2)}−1[v1v

T
1 {vec−1(v2)}−1 − 2I]

)

− 1
2
rT {vec−1(v2)}−1v1 −

1
2
s. (14)

The secondary arguments ofGVMP are a d × dmatrixQ, a d × 1
vector r and s ∈ R. The function GVMP arises from the follow-
ing fact: if θ is a d × 1 Multivariate Normal random vector with
natural parameter vector η as defined by (S.4) of the online sup-
plement then

Eθ

{
− 1

2
(
θTQ θ − 2rTθ + s

)}

= Eθ

(
− 1

2
θTQ θ + rTθ

)
− 1

2
s = GVMP(η ;Q, r, s).

For example, if a is an m× 1 vector and A is an m× d matrix
then

Eθ

{
−1
2
∥a− Aθ∥2

}
= GVMP

(
η;ATA, ATa, aTa

)
.

3. Linear Regression Illustrative Example

Consider the Bayesian regression model

y| β, σ 2 ∼ N(Xβ, σ 2 I), β ∼ N(µβ,$β),

σ 2|a ∼ Inverse-χ2(1, 1/a), a ∼ Inverse-χ2(1, 1/A2)

(15)

where y is an n× 1 vector of response data and X is an n× d
designmatrix. The d × 1 vectorµβ, the d × d covariancematrix
$β and A > 0 are user-specified hyperparameters that remain
fixed throughout any approximate Bayesian inference procedure
for (15). As explained in Section 2.6, themarginal prior distribu-
tion on σ in (15) is Half-Cauchy(A). The joint posterior density
function of the model parameters and auxiliary variable a is

p(β, σ 2, a | y) = p(β, σ 2, a, y)
p(y)

(16)

but is analytically intractable and numerically challenging.
MCMC (e.g., Chapters 11-12, Gelman et al., 2014) is the most
common tool for making approximate Bayesian inference for β
and σ 2. The computationally intensive nature of MCMC entails
that, while its speed will be acceptable for some applications,
there are others where faster approximations are desirable or
necessary. We next describe MFVB as one such fast alternative.

3.1. Mean Field Variational Bayes Approach

MFVB is a prescription for approximation of posterior density
functions in a graphical model. References on MFVB for gen-
eral graphical models include Bishop (2006), Wainwright and
Jordan (2008) and Ormerod and Wand (2010). In this section,
we focus on MFVB for approximation of (16). This is founded
upon p(β, σ 2, a | y) being restricted to have the product form

q(β) q(σ 2) q(a) (17)

for density functions q(β), q(σ 2), and q(a). These q-density
functions are then chosen tominimize the Kullback–Leibler dis-
tance between p(β, σ 2, a|y) and q(β) q(σ 2) q(a):
∫

q(β) q(σ 2) q(a) log
{
q(β) q(σ 2) q(a)
p(β, a, σ 2|y)

}
dβ dσ 2 da.

One can then prove by variational calculus that the optimal q-
densities satisfy:

q∗(β) is a N(µq(β),$q(β)) density function,

q∗(σ 2) is an Inverse-χ2(n + 1, λq(σ 2 )) density function, and

q∗(a) is an Inverse-χ2(2, λq(a)) density function

for some d × 1 vector µq(β), d × d covariance matrix $q(β) and
positive scalars λq(σ 2) and λq(a). These q-density parameters do
not have closed form solutions but, instead, can be determined
iteratively via coordinate ascent as explained in Section 10.1.1
of Bishop (2006) and Section 2.2 of Ormerod andWand (2010).
For the model at hand, the coordinate ascent updates reduce to
Algorithm1.Here and elsewhere, “←−” indicates that the quan-
tity on the left-hand side is updated according to the expression
on the right-hand side.

3.2. Alternative Approach Based on Variational Message
Passing

We now explain the VMP alternative for the Bayesian linear
regression example. First, note that the joint distribution of all
random variables in model (15) admits the factorization

p(y,β, σ 2, a) = p(y|β, σ 2)p(β)p(σ 2|a)p(a). (18)

Algorithm 1Mean field variational Bayes algorithm for approx-
imate inference in the Gaussian response linear regression model
(15).

Initialize: λq(σ 2) > 0.
Cycle:

$q(β)←−
{(

n + 1
λq(σ 2)

)
XTX + $−1β

}−1

µq(β)←−
(
n + 1
λq(σ 2)

)
$q(β)

(
XTy + $−1β µβ

)

λq(a)←− 2
{(

n + 1
λq(σ 2)

)
+ A−2

}

λq(σ 2)←− yTy− 2µT
q(β)X

Ty + tr[(XTX ){$q(β)

+ µq(β)µ
T
q(β)}] + 2/λq(a)

until the changes in all q-density parameters are negligible.
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Figure . A factor graph for the function p(y, β, σ 2, a)with stochastic nodes β, σ 2 and a, corresponding to the factors in product restriction (). Also shown are each of
the messages between neighboring nodes on the factor graph. The gray arrows depict the directions in which the messages are passed.

Treating (18) as a function of parameters corresponding to
each factor in themean field restriction (17) we arrive at the fac-
tor graph shown in Figure 3.

VMP iteration for fitting model (15) involves the updating of
messages passed from each node in Figure 3 factor graph to its
neighboring nodes. Each message is a function of the stochas-
tic node that receives or sends the message. For example, the
nodes σ 2 and p(σ 2|a) are neighbors of each other in Figure 3
factor graph. The messages passed between these two nodes are
both functions of the stochastic node σ 2 and are denoted by
mσ 2→p(σ 2| a)(σ

2) andmp(σ 2| a)→σ 2 (σ 2). The subscripts ofm des-
ignates the nodes involved in themessage passing and the direc-
tion in which the message is passed. Figure 3 shows all 12 of the
messages between neighboring nodes on the factor graph.

Based on the VMP updating equations given in Section 2.5,
and with details given in Section S.2.1 of the online supplement,
the factor to stochastic node messages have the following func-
tional forms after the first iteration:

mp(β)→β(β) = exp

⎧
⎨

⎩

[
β

vec(ββT )

]T

ηp(β)→β

⎫
⎬

⎭ ,

mp(y|β,σ 2 )→β(β) = exp

⎧
⎨

⎩

[
β

vec(ββT )

]T

ηp(y|β,σ 2 )→β

⎫
⎬

⎭ ,

mp(y|β,σ 2 )→σ 2 (σ 2) = exp

⎧
⎨

⎩

[
log(σ 2)

1/σ 2

]T

ηp(y|β,σ 2 )→σ 2

⎫
⎬

⎭ ,

mp(σ 2| a)→σ 2 (σ 2) = exp

⎧
⎨

⎩

[
log(σ 2)

1/σ 2

]T

ηp(σ 2| a)→σ 2

⎫
⎬

⎭ ,

mp(σ 2|a)→a(a) = exp

⎧
⎨

⎩

[
log(a)

1/a

]T

ηp(σ 2| a)→a

⎫
⎬

⎭

and mp(a)→a(a) = exp

⎧
⎨

⎩

[
log(a)

1/a

]T

ηp(a)→a

⎫
⎬

⎭ (19)

for (d + d2)× 1 vectors ηp(β)→β and ηp(y|β,σ 2)→β and 2× 1 vec-
tors ηp(y|β,σ 2)→σ 2 , ηp(σ 2| a)→σ 2 , ηp(σ 2| a)→a and ηp(a)→a. The fixed
form of the messages means that, for the remaining iterations,
the message updates (7) and (8) simply involve updates for the
natural parameter vectors of themessages. Note that the last four
of these messages are proportional to Inverse Chi-Squared den-
sity functions. The first two are proportional to d-dimensional

multivariate normal distributions, but expressed in exponen-
tial family form as explained in Section S.1.6 of the online sup-
plement. Therefore, normalizing factors aside, each of the sub-
scripted η vectors are natural parameters for a particular expo-
nential family density function. The stochastic node to factor
messages have the same functional forms as their reverse mes-
sages. For example,

mσ 2→p(σ 2| a)(σ
2) = exp

⎧
⎨

⎩

[
log(σ 2)

1/σ 2

]T

ησ 2→p(σ 2| a)

⎫
⎬

⎭

for some 2× 1 vector ησ 2→p(σ 2| a).
Once the functional forms of the messages have been deter-

mined, theVMP iteration loop has the following generic steps:

1. Choose a factor.
2. Update the parameter vectors of the messages passed

from the factor’s neighboring stochastic nodes to the fac-
tor.

3. Update the parameter vectors of the messages passed
from the factor to its neighboring stochastic nodes.

For typical semiparametric regression models the order in
which factors are chosen does not matter although all factors
should eventually be chosen as the iterations proceed. There are
some classes of models, outside those treated in this article, for
which local optima exist and the update order may affect which
optimum is attained.

The updates of the stochastic node to factor natural param-
eter vectors have simple forms based on (7) and are updated as
follows:

ηβ→p(β) ←− ηp(y|β,σ 2)→β,

ηβ→p(y|β,σ 2) ←− ηp(β)→β

ησ 2→p(y|β,σ 2) ←− ηp(σ 2| a)→σ 2,

ησ 2→p(σ 2| a) ←− ηp(y|β,σ 2)→σ 2,

ηa→p(σ 2| a) ←− ηp(a)→a, and

ηa→p(a) ←− ηp(σ 2| a)→a. (20)

Based on (8) and (9) mp(β)→β(β) ∝ p(β) and mp(a)→a(a) ∝
p(a) so the natural parameter updates for these two messages
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are simply

ηp(β)→β ←−
[

$−1β µβ

− 1
2vec($

−1
β )

]

and

ηp(a)→a→
[
−3/2
−1/A2

]

(21)

and remain constant throughout the iterations. The updates cor-
responding to the messages sent from p(y|β, σ 2) to its neigh-
boring stochastic nodes can be obtained from (8) and (9). The
expectation in (8) reduces to a linear combination of expected
sufficient statistics. Table S.1 of the online supplement gives the
required expressions. Simple algebra then leads to

ηp(y|β,σ 2 )→β ←−
[

XTy
− 1

2 vec(X
TX )

]

×
(
ηp(y|β,σ 2)↔σ 2

)
1 + 1

(
ηp(y|β,σ 2)↔σ 2

)
2

and ηp(y|β,σ 2 )→σ 2

←−
[

− 1
2 n

GVMP
(
ηp(y|β,σ 2)↔β;XTX,XTy, yTy

)
]

(22)

where

ηp(y|β,σ 2 )↔σ 2 ≡ ηp(y|β,σ 2 )→σ 2 + ησ 2→p(y|β,σ 2 ),

ηp(y|β,σ 2 )↔β ≡ ηp(y|β,σ 2 )→β + ηβ→p(y|β,σ 2 ),

(23)

(ηp(y|β,σ 2)↔σ 2 )i denotes the ith entry of ηp(y|β,σ 2)↔σ 2 and GVMP
is explained in Section 2.7. The parameter updates for the mes-
sages passed from p(σ 2|a) to its neighbors are

ηp(σ 2| a)→ σ 2 ←− −1
2

⎡

⎢⎣

3
(
ηp(σ 2| a)↔ a

)
1 + 1

(
ηp(σ 2| a)↔ a

)
2

⎤

⎥⎦

and ηp(σ 2| a)→ a ←− −
1
2

⎡

⎢⎢⎣

1
(
ηp(σ 2| a)↔ σ 2

)
1 + 1

(
ηp(σ 2| a)↔ σ 2

)

2

⎤

⎥⎥⎦ .

(24)

where the definitions of ηp(y|β,σ 2)↔σ 2 and ηp(σ 2| a)↔a are analo-
gous to those given in (23).

After initializing the stochastic node to factor natural param-
eters, updates (20), (21), (22) and (24) form an iterative scheme
in the message natural parameter space. Once convergence of
the messages has been attained, the q-density natural parame-
ters can be obtained from (10) as:

ηq(β) ←− ηp(β)→β + ηp(y|β,σ 2)→β,

ηq(σ 2) ←− ηp(y|β,σ 2)→σ 2 + ηp(σ 2| a)→σ 2

and ηq(a) ←− ηp(σ 2| a)→a + ηp(a)→a. (25)

Updates (25) show that the natural parameters of a q-density of a
stochastic node and incomingmessages to that node have simple
linear relationships. This, together with (7), motivates working
with natural parameters in VMP.

The q-density common parameters can be obtained from
(25) using (S.3) and (S.4) of the online supplement and lead to

µq(β) = −1
2
{vec−1

(
(ηq(β))2

)
}−1(ηq(β))1,

$q(β) = −1
2
{vec−1

(
(ηq(β))2

)
}−1,

λq(σ 2) = −2
(
ηq(σ 2)

)
2 and λq(a) = −2

(
ηq(a)

)
2,

where (ηq(β))1 contains the first d entries of ηq(β) and (ηq(β))2
contains the remaining d2 entries of ηq(β). The values of µq(β),
$q(β), λq(σ 2) and λq(a) are the same regardless of whether one
uses the MFVB approach encapsulated in Algorithm 1 or the
VMP approach described in this section. On face value, it would
appear that the MFVB approach is superior due to its suc-
cinctness. However, this ranking of MFVB over VMP is within
the confines of approximate inference for model (15). As we
now explain in Section 3.2.1, VMP is a more attractive propo-
sition when semiparametric regression models are extended
arbitrarily.

... Arbitrarily LargeModel Viewpoint
We now turn attention to variational inference for arbitrarily
large semiparametric regression models and how the message
passing approach allows streamlining of the required calcula-
tions.

Figure 4 shows both simple linear regression and nonpara-
metric regression fits to data on 93 passenger car models on sale
in USA in 1993 (source: Lock 1993). The ith response observa-
tion (yi) is fuel efficiency on city roads (miles/gallon) and the ith
predictor observation (xi) is weight of the car (pounds).

The simple linear regression fit is obtained using VMP
applied to the special case of (15) with X = [1 xi]1≤i≤n. The
nonparametric regression fit in Figure 4 is according to mixed
model-based penalized spline model

y| β, u, σ 2
ε ∼ N(Xβ + Zu, σ 2

ε I), u| σ 2
u ∼ N(0, σ 2

u ),

β ∼ N(µβ,$β),

σ 2
u |au ∼ Inverse-χ2(1, 1/au), au ∼ Inverse-χ2(1, 1/A2

u),

σ 2
ε | aε ∼ Inverse-χ2(1, 1/aε ), aε ∼ Inverse-χ2(1, 1/A2

ε ),

(26)

where

Z ≡

⎡

⎢⎢⎣

z1(x1) · · · zK (x1)
...

. . .
...

z1(xn) · · · zK (xn)

⎤

⎥⎥⎦
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Figure . Left panel: VMP-based simple linear regression fit to data on fuel efficiency and weight of  passenger car models on sale in USA in  (source: Lock ). The
fitted line is the posterior mean and the shaded region shows pointwise % credible sets according to the mean field approximation (). Right panel: similar to the left
panel but for nonparametric regression according to the mixed model-based penalized spline extension () with mean field approximation ().

for a spline basis {zk : 1 ≤ k ≤ K} as defined adjacent to (12).
The mean field approximation being used here is

p(β, u, σ 2
u , au, σ 2

ε , aε|y) ≈ q(β, u, au, aε)q(σ 2
u , σ 2

ε ). (27)

However, further product density forms arise due to conditional
independencies in the model (e.g., Section 10.2.5 of Bishop
2006) and it can be established that (27) is equivalent to

p(β, u, σ 2
u , au, σ 2

ε , aε|y) ≈ q(β, u)q(σ 2
u )q(au) q(σ 2

ε )q(aε ). (28)

The extension of the VMP updates when transitioning from
the linear regression model (15) to (26) benefits from:

Definition. A factor graph fragment, or fragment for short, is a
subgraph of a factor graph consisting of a single factor and each
of the stochastic nodes that are neighbors of the factor.

Figure 5 shows the factor graph corresponding to (26) with
mean field approximation (28). This factor graph has six factors
and therefore six fragments. Five of them have the same form as
the fragments of the factors of Figure 3 and are colored gray. The
black-colored fragment corresponds to the following penaliza-
tion of the coefficient vector:

[
β

u

] ∣∣∣σ 2
u ∼ N

([
σ 2

β I2 0
0 σ 2

u IK

])

and is a distributional form that does not appear in the linear
regression model.

The stochastic node to factormessages in Figure 5 have trivial
updates analogous to those given in (20). The factor to stochas-
tic messages are more complicated, but for the five fragments
shown in gray in Figure 5 they are identical or very similar to
analogous updates in Figure 3 factor graph, as we now explain:

1. The message passed from p(au) to au has the same form
as that passed from p(a) to a for model (15). The natural
parameter updates ηp(au)→au takes the same form as that
for ηp(a)→a in (21).

2. Comments similar to those given in (1) apply to the
messages passed from p(aε) to aε .

3. The messages passed from the factor p(σ 2
u | au) to its

neighboring stochastic nodes σ 2
u and au have the same

form as those passed from p(σ 2|a) to σ 2 and a for model
(15). The natural parameter updates ηp(σ 2

u |au)→σ 2
u
and

ηp(σ 2
u | au)→au take the same forms as those for ηp(σ 2| a)→σ 2

and ηp(σ 2| a)→a in (24).
4. Comments similar to those given in (1) apply to themes-

sages passed from p(σ 2
ε |aε) to its neighboring stochastic

nodes.
5. The messages passed from the factor p(y|β, u, σ 2

ϵ ) to
its neighboring stochastic nodes (β, u) and σ 2

ϵ have
a similar form to those passed from p(y|β, σ 2) to β

and σ 2 for model (15). The natural parameter updates
ηp(y|β,σ 2)→β and ηp(y|β,σ 2)→σ 2 take the same forms as
those for ηp(y|β,u,σ 2

ε )→(β,u) and ηp(y| β,u,σ 2
ε )→σ 2

ε
in (22)

Figure . Diagrammatic depiction of the extension from simple linear regression to penalized spline regression. The fragment shown in black is the only one that is of a
different type compared with the fragments in the Bayesian linear regression model. The fragments shown in gray are present in the linear model factor graph shown in
Figure .
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but with β replaced by (β, u), σ 2 replaced by σ 2
ε and X

replaced byC ≡ [X Z].
It remains to take care of the black-colored fragment of

Figure 5. The message passed from p(β, u|σ 2
u ) to σ 2

u is

mp(β,u| σ 2
u )→σ 2

u
(σ 2

u )

= exp

⎧
⎨

⎩

[
log(σ 2

u )

1/σ 2
u

]T

ηp(β,u| σ 2
u )→σ 2

u

⎫
⎬

⎭ ,

where

ηp(β,u| σ 2
u )→σ 2

u

←−

⎡

⎣
−K/2

GVMP

(
ηp(β,u| σ 2

u )↔(β,u);D, 0, 0
)

⎤

⎦ ,

where D ≡ diag(02, 1K ) and the function GVMP is defined by
(14). The message passed from p(β, u|σ 2

u ) to (β, u) will be
shown (Section 4.1.4) to equal

mp(β,u| σ 2
u )→(β,u)(β, u)

= exp

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎡

⎢⎢⎢⎢⎢⎣

β

u

vec

⎛

⎝
[

β

u

][
β

u

]T
⎞

⎠

⎤

⎥⎥⎥⎥⎥⎦

T

ηp(β,u| σ 2
u )→(β,u)

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

with natural parameter update

ηp(β,u| σ 2
u )→(β,u) ←−

⎡

⎢⎢⎢⎢⎢⎢⎣

$−1β µβ

0K

− 1
2 vec

⎛

⎝blockdiag

⎛

⎝$−1β ,

⎧
⎨

⎩

(
ηp(β,u| σ 2

u )↔σ 2
u

)

1
+ 1

(
ηp(β,u| σ 2

u )↔σ 2
u

)

2

⎫
⎬

⎭ IK

⎞

⎠

⎞

⎠

⎤

⎥⎥⎥⎥⎥⎥⎦
.

In Section 4, we catalog fragment types and identify five
that are fundamental to semiparametric regression analysis via
MFVB/VMP. The form of the factor to stochastic node updates
for these fragments only needs to be derived and implemented
once if developing a suite of programs for VMP-based semipara-
metric regression. Such cataloging allows for arbitrarily large
models to be handled without an onerous algebraic and com-
putational overhead.

... Conjugate Factor Graphs
We will say that a factor graph corresponding to a variational
message passing scheme is conjugate if, for each stochastic node,
the messages passed to the node are in the same exponential
family. The two factor graphs of this section, shown in Figures 3
and 5, are conjugate factor graphs. For example, it is appar-
ent from (19) that, in Figure 3, the two messages passed to σ 2

are both proportional to Inverse Chi-Squared density functions.
However, some of the exponential forms do not correspond to
proper density functions. In Figure 3, the convergent form of

mp(σ 2|a)→a(a) is

mp(σ 2|a)→a(a) = exp

⎧
⎨

⎩

[
log(a)
1/a

]T [ − 1
2

−λp(σ 2| a)→a

]⎫⎬

⎭

for some λp(σ 2| a)→a > 0

which is not proportional to a proper density function.
The concept of a conjugate factor graph can be extended to

subgraphs of the factor graph at hand, in that conjugacy holds in
some parts of a factor graph but not necessarily in other parts.

4. Gaussian Response Semiparametric Regression

Since many popular Gaussian response semiparametric regres-
sion models admit conjugate factor graphs, we first focus on
their fitting via VMP. Generalized response models are more
challenging and their treatment is postponed until Section 5.We
start by identifying five fundamental fragments.

4.1. Five Fundamental Fragments

Table 1 shows five factor graph fragments that are fundamen-
tal to VMP-based semiparametric regression. We use generic
notation, such as θ for a random vector and A for a design
matrix, rather than notation that matches specific semiparamet-
ric regression models. This is in keeping with update formulas
within fragments being the building blocks for the handling of
arbitrarily large models.

... Gaussian Prior Fragment
The Gaussian prior fragment corresponds to the following prior
specification of the dθ × 1 random vector θ:

θ ∼ N(µθ,$θ ).

The dθ × 1 vector µθ and dθ × dθ covariance matrix $θ are
user-specified hyperparameters. The fragment is shown in
Table 1 and has factor

p(θ) = (2π )−d
θ /2|$θ|−1/2 exp

{
−1
2
(θ − µθ )

T$−1θ (θ − µθ )

}

and the single stochastic node θ. Using the natural form of the
Multivariate Normal distribution described in Section S.1.6 of
the online supplement, the factor to stochastic node message is
proportional to p(θ) and has natural parameter form:

mp(θ)→θ(θ) = exp

⎧
⎨

⎩

[
θ

vec(θθT )

]T

ηp(θ)→θ

⎫
⎬

⎭ .

The natural parameter vector is a fixed vector depending only
on the hyperparameters:

ηp(θ)→θ ←−
[

$−1θ µθ

− 1
2vec($

−1
θ )

]

.
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Table . Five fundamental factor graph fragments for Gaussian response semiparametric regression.

Fragment name Diagram Distributional statement

. Gaussian prior θ ∼ N(µθ,$θ )

. Inverse Wishart prior % ∼ Inverse-Wishart(κ%,&%)

. Iterated Inverse G-Wishart %1|%2 ∼ Inverse-G-Wishart(G, κ,%−12 )

. Gaussian penalization

⎡

⎢⎢⎢⎣

θ0

...

θL

⎤

⎥⎥⎥⎦

∣∣∣∣%1, . . . , %L ∼

N

⎛

⎝
[

µθ0
0

]

,

⎡

⎣
$θ0

OT

O blockdiag
1≤ℓ≤L

(Im
ℓ
⊗%ℓ)

⎤

⎦

⎞

⎠

. Gaussian likelihood y| θ1, θ2 ∼ N(Aθ1, θ2 I)

... The InverseWishart Prior Fragment
We define the inverse Wishart prior fragment to correspond to
the d- × d- random matrix % satisfying

% ∼ Inverse-Wishart(κ%,&%)

where κ% > 0 and&% is a d- × d- symmetric positive-definite
matrix. This fragment, also shown in Table 1, has factor

p(%) = C−1d-,κ%
|&%|κ%/2 |%|−(κ%+d-+1)/2

× exp{−1
2
tr(&%%−1)},

where

Cd,κ ≡ 2dκ/2πd(d−1)/4
d∏

j=1

#

(
κ + 1− j

2

)
, (29)

and the single stochastic node %, a symmetric and positive-
definite d- × d- matrix. From the natural form of the Inverse
Wishart distribution given in Section S.1.7 of the online supple-
ment, the factor to stochastic node message is proportional to
p(%) and has natural parameter form:

mp(%)→%(%) = exp

⎧
⎨

⎩

[
log |%|

vec(%−1)

]T

ηp(%)→%

⎫
⎬

⎭ .

The natural parameter vector is a fixed vector that depends only
on the hyperparameters:

ηp(%)→%←−
[
− 1

2 (κ% + d- + 1)
− 1

2vec(&%)

]

.

... Iterated Inverse G-Wishart Fragment
The iterated Inverse G-Wishart fragment is shown in Table 1 and
corresponds to the conditional distributional specification

%1|%2 ∼ Inverse-G-Wishart(G, κ,%−12 ),

where%1 and%2 are d- × d- randommatrices, κ > d- − 1 is
deterministic and G is a d--node undirected graph. See Section
S.1.7.1 in the online supplement for the definition of the Inverse
G-Wishart distribution.

The rationale for this fragment for Bayesian semiparametric
regression stems from the family of marginally noninformative
covariance matrix priors given in Huang and Wand (2013). In
particular, for a d × d covariance matrix$, their Equation (2) is
equivalent to

$|A ∼ Inverse-Wishart(ν + d − 1,A−1),

A ∼ Inverse-G-Wishart

(

Gdiag, 1,
1
ν
diag
1≤k≤K

(1/A2
k)

)

(30)

where ν,A1, . . . ,AK > 0 are hyperparameters and Gdiag is
defined in Section S.1.7.1 of the online supplement. Setting d =
ν = 1 leads to the variance parameter result (13). For d > 1 set-
ting ν = 2 has the attraction of imposingUniform(−1, 1) priors
on the correlation parameters in $ (Huang and Wand 2013).

The fragment factor is of the form

p(%1| %2) ∝ |%2|−κ/2|%1|−(κ+d-+1)/2 exp
{
−1
2
tr(%−11 %−12 )

}
.

From (8) and (9), the message that p(%1|%2) passes to %1 is

mp(%1|%2)→%1 (%1)
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= exp

⎧
⎨

⎩

[
log |%1|
vec(%−11 )

]T

ηp(%1|%2)→%1

⎫
⎬

⎭ ,

where

ηp(%1|%2)→%1

←−

⎡

⎣
−(κ + d- + 1)/2

− 1
2 vec

(
Ep(%1|%2)→%1 (%

−1
2 )
)

⎤

⎦ (31)

and Ep(%1|%2)→%1 denotes expectation with respect to the
density function formed by normalizing the message prod-
uct mp(%1|%2)→%2 (%2)m%2→p(%1|%2)(%2). Under the conju-
gacy assumption that messages passed to %2 from its other
neighboring factors are also within the Inverse-G-Wishart fam-
ily the expectation in (31) is a special case of

E(X−1) where X ∼ Inverse-G-Wishart(G, κ,&) (32)

or, equivalently, the mean of a G-Wishart random matrix.
Similarly,

mp(%1|%2)→%2 (%2)

= exp

⎧
⎨

⎩

[
log |%2|
vec(%−12 )

]T

ηp(%1|%2)→%2

⎫
⎬

⎭ ,

where

ηp(%1|%2)→%2

←−

⎡

⎣
−κ/2

− 1
2vec

(
Ep(%1|%2)→%2 (%

−1
1 )
)

⎤

⎦

and, assuming that all other messages passed to %2 are within
the Inverse G-Wishart family, the natural parameter update is
also a special case of (32).

For general, undirected graphs (32) can be very complicated
(Uhler et al., 2014). However, for important special cases the
required expectation admits a simple closed form expression.
These cases are discussed next.

The Case of d- = 1

If d- = 1, then%1 and%2 reduce to variance parameters and
results concerning Inverse Chi-Squared random variables apply.
The updates become

ηp(%1|%2 )→%1

←−

⎡

⎣
− 1

2 (κ + 2)

− 1
2

((
ηp(%1|%2 )↔%2

)
1 + 1

)/
(ηp(%1|%2 )↔%2

)
2

⎤

⎦

(33)

and

ηp(%1|%2 )→%2

←−

⎡

⎣
− 1

2κ

− 1
2

((
ηp(%1|%2 )↔%1

)
1 + 1

)/(
ηp(%1|%2 )↔%1

)
2

⎤

⎦.

(34)

Note use of the notation first used at (23).

The Case of d- > 1 and G Totally Connected or Totally
Disconnected

IfG is a totally connected d-node graph,meaning that there is
an edge between each pair of nodes, then the Inverse G-Wishart
distribution coincides with the ordinary Inverse Wishart distri-
bution and the well-known result

X ∼ Inverse-Wishart(κ,&) implies E(X−1) = κ&−1

(35)
applies. Suppose instead that G is totally disconnected, mean-
ing that it has no edges. Then G = Gdiag in the notation of Sec-
tion S.1.7.1 of the online supplement and& is a diagonal matrix.
It is easily established that (35) also applies in the totally dis-
connected case. Switching to natural parameters via (S.6) of the
online supplement we obtain the update expressions

ηp(%1|%2)→%1

←−

⎡

⎢⎢⎢⎢⎣

− 1
2 (κ + d- + 1)

− 1
2

{(
ηp(%1|%2)↔%2

)
1 + d-+1

2

}

×vec
[{

vec−1
((

ηp(%1|%2)↔%2

)
2

)}−1]

⎤

⎥⎥⎥⎥⎦

(36)

and

ηp(%1|%2)→%2

←−

⎡

⎢⎢⎢⎢⎣

− 1
2κ

− 1
2

{(
ηp(%1|%2)↔%1

)
1 + d-+1

2

}

×vec
[{

vec−1
((

ηp(%1|%2)↔%1

)
2

)}−1]

⎤

⎥⎥⎥⎥⎦
,

(37)

where
[(

ηp(%1|%2)↔%1

)
1(

ηp(%1|%2)↔%1

)
2

]

is the partition of ηp(%1|%2)↔%1
for which (ηp(%1|%2)↔%1

)1
is the first entry of the vector and (ηp(%1|%2)↔%1

)2 contains
the remaining entries. Similar partitional notation applies to
ηp(%1|%2)↔%2

.

The Case of d- > 1 and G Partially Connected

This case suffers from the fact that (32) does not have a sim-
ple expression for general partially connected G. However, the
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inverse G-Wishart forms that commonly arise in Bayesian semi-
parametric regression analysis are covered by the previous cases.
Hence, this case can be left aside for common models.

... Gaussian Penalization Fragment
The fourth fragment in Table 1 is theGaussian penalization frag-
ment since it imposes Gaussian distributional penalties on ran-
dom effects parameters. The corresponding conditional distri-
butional specification is

⎡

⎢⎢⎣

θ0

...
θL

⎤

⎥⎥⎦

∣∣∣∣%1, . . . ,%L ∼ N

([
µθ0

0

]

,

⎡

⎣
$θ0 OT

O blockdiag
1≤ℓ≤L

(Imℓ
⊗%ℓ)

⎤

⎦

⎞

⎠ ,

where O is an appropriately sized matrix of zeroes. The dθ
0 × 1

vector θ0 is a fixed effects parameter and has a dθ
0 × 1 deter-

ministic meanµθ0 and d
θ
0 × dθ

0 deterministic covariance matrix
$θ0 . The covariancematrices%ℓ are stochastic and have dimen-
sion dθ

ℓ × dθ
ℓ , 1 ≤ ℓ ≤ L. The random effects vectors θℓ are also

stochastic and have dimension (mℓd-
ℓ )× 1, 1 ≤ ℓ ≤ L.

The fragment factor is

p(θ0, . . . , θL|%1, . . . ,%L) = (2π )−d
θ
0 /2|$θ0 |−1/2

× exp
{
−1
2
(θ0 − µθ0 )

T$−1θ0
(θ0 − µθ0 )

}

×
L∏

ℓ=1

(2π )−mℓd-
ℓ /2|Imℓ

⊗%ℓ|−1/2

× exp
{
− 1

2
θTℓ (Imℓ

⊗%−1ℓ )θℓ

}
.

The structure of the fragment is depicted in its diagram in
Table 1. We assume that each of (θ0, . . . , θL) and %1, . . . ,%L
receive messages from outside the fragment that are conjugate
with the message it receives from p(θ0, . . . , θL|%1, . . . ,%L).
Update (7) implies that the message from (θ0, . . . , θL)
to the fragment factor is proportional to a Multivariate
Normal density function with natural parameter vector
η(θ0,...,θL)→p(θ0,...,θL| %1,...,%L)

and the message from each %ℓ

is proportional to an Inverse-G-Wishart density function with
natural parameter vector η%ℓ→p(θ0,...,θL| %1,...,%L)

. It follows that
the inputs for the Gaussian penalization fragment are

η(θ0,...,θL)→p(θ0,...,θL|%1,...,%L)
,

ηp(θ0,...,θL| %1,...,%L)→(θ0,...,θL)

and

η%ℓ→p(θ0,...,θL|%1,...,%L)

ηp(θ0,...,θL|%1,...,%L)→%ℓ
,

1 ≤ ℓ ≤ L.

Using (8), (9) and Table S.1 in the online supplement, the mes-
sage from this factor to the coefficient vector (θ0, . . . , θL) has

natural parameter update

ηp(θ0,...,θL| %1,...,%L)→(θ0,...,θL)

←−

⎡

⎢⎢⎢⎣

$−1θ0
µθ0

0

− 1
2vec

(
blockdiag

(
$−1θ0

, blockdiag
1≤ℓ≤L

(Imℓ
⊗'ℓ)

))

⎤

⎥⎥⎥⎦
,

where 0 is the
∑L

ℓ=1 mℓ dθ
ℓ × 1 vector of zeroes and

'ℓ ≡
((

ηp(θ0,...,θL|%1,...,%L)↔%ℓ

)
1 +

d-
ℓ + 1
2

)

×
{
vec−1

((
ηp(θ0,...,θL| %1,...,%L)↔%ℓ

)
2

)}−1
.

Similarly, the message from p(θ0, . . . , θL|%1, . . . ,%L) to each
%ℓ, 1 ≤ ℓ ≤ L, has natural parameter update

ηp(θ0,...,θL| %1,...,%L )→%ℓ
←−

[
−mℓ/2

GVMP
(
ηp(θ0,...,θL| %1,...,%L )↔(θ0,...,θL );Dℓ, 0, 0

)

]

where GVMP is defined by (14) and

Dℓ ≡ blockdiag
(
Od-

0
,Om1d-

1
, . . . , blockdiag

1≤k≤mℓ

(
Jd-

ℓ

)
, . . . ,

OmLd-
L

)

with Jd denoting the d × dmatrix with each entry equal to 1 and
Od denoting the d × d matrix with each entry equal to 0.

While the formulas given in this section cover a wide range of
penalization scenarios arising in semiparametric regression we
have, with succinctness in mind, left out multilevel models with
the number of levels exceeding two. The extension to arbitrarily
high levels would take significantly more algebra and obscure
themainmessage regarding the fragment approach. In the same
vein, we are not usingmatrix algebraic streamlining as described
in Lee and Wand (2016a, 2016b) for MFVB. Matrix algebraic
streamlining is concerned with matters such as avoiding large
indicator matrices and redundant calculations. Its extension to
VMPwould also require significantlymore algebra and is left for
future research.

... Gaussian Likelihood Fragment
The Gaussian likelihood fragment corresponds to the form

y| θ1, θ2 ∼ N(Aθ1, θ2 I),

where y is an n× 1 vector of observed data values, and A is an
n× dθ design matrix. The stochastic nodes are the dθ × 1 coef-
ficient vector θ1 and the variance parameter θ2 > 0. The factor
is

p(y| θ1, θ2) = (2πθ2)
−n/2 exp{−(2θ2)−1∥y− Aθ1∥2}.

For this fragment, shown in Table 1, we assume that each of
the stochastic nodes, θ1 and θ2, receive messages from factors
outside of the fragment that are conjugate with the message it
receives from p(y|θ1, θ2). Because of (7) this implies that the
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message from θ1 to p(y|θ1, θ2) is proportional to a Multivariate
Normal density function with natural parameter ηθ1→p(y| θ1,θ2 )
and that from θ2 to p(y|θ1, θ2) is proportional to an Inverse Chi-
Squared density function with natural parameter ηθ2→p(y| θ1,θ2).
It follows that the inputs for the Gaussian likelihood fragment
are

ηθ1→p(y| θ1,θ2 ), ηp(y| θ1,θ2)→θ1 ,

ηθ2→p(y| θ1,θ2) and ηp(y| θ1,θ2 )→θ2
.

The outputs are the following updated natural parameters of the
messages passed from p(y| θ1, θ2) to θ1 and θ2:

ηp(y| θ1,θ2 )→θ1 ←−
[

ATy
− 1

2 vec(A
TA)

]

×
(
ηp(y | θ1,θ2 )↔θ2

)
1 + 1

(
ηp(y | θ1,θ2)↔θ2

)
2

(38)

and

ηp(y| θ1,θ2)→θ2

←−
[

−n/2
GVMP

(
ηp(y | θ1,θ2 )↔θ1;A

TA,ATy, yTy
)
]

(39)

where the notational convention of (22) is followed and GVMP is
defined by (14).

4.2. Models Accommodated by the Five Fundamental
Fragments

The five fragments covered in Section 4.1 are fundamental to
VMP-based Bayesian semiparametric regression and accommo-
date a wide range of models. Table 2 lists the types of models
that can be handled via the Bayesian mixed model-based penal-
ized splines approach to semiparametric regression laid out in
Section 2.6.

The models in the left column of Table 2 are part of main-
stream semiparametric regression analysis for cross-sectional
and grouped data as summarized in, for example, Wood (2006)
and Hodges (2013). Chapters 2–9 of Ruppert, Wand, and
Carroll (2003) summarize the specific approach taken in the
current article. Factor-by-curve interactions are detailed in
Coull, Ruppert, and Wand (2001), while Kammann and Wand
(2003) described multivariate nonparametric regression and
geoadditive models that are in accordance with the VMP frag-
ment set-up of Section 4.1. Similarly, the group-specific curves
model of Durban et al. (2005) is accommodated by the Section
4.1 fragments and is illustrated in Section 4.4. Group-specific

Table . Types of Gaussian response semiparametric regression models that are
accommodated by VMP with factor to stochastic node updates as given in Section
. for the five fundamental fragments.

Linear regression Factor-by-curve interactions
Linear mixed Varying coefficients
Nonparametric regression Multivariate nonparametric regression
Additive Geoadditive
Additive mixed Group-specific curves

curve models have a number of alternative formulations (e.g.,
Donnelly, Laird, and Ware 1995; Verbyla et al. 1999).

Of the five fragments, only the last is specific to Gaussian
response semiparametric regression. The other four are applica-
ble to non-Gaussian response models and, when combined with
the fragments of Section 5, facilitate handling of a wider range
of models such as generalized additive models and generalized
linear mixed models.

4.3. Coding Issues

According to the VMP approach with fragment identification,
the updates of the natural parameters for factor to stochastic
nodemessages only need to be coded once and can be then com-
partmentalized into functions. Once this is achieved for all frag-
ments present in a particular class of models then the factor to
stochastic node messages for a specific model within that class
can be handledwith calls to these functions. The stochastic node
to factor messages are trivial and each requires only a few lines
of code.

A more ambitious software project is one that allows the
user to specify a model using either syntactic coding rules or
a directed acyclic graph drawing interface, such as those used
by the BUGS (Lunn et al., 2012), Infer.NET (Minka et al., 2014),
VIBES (Bishop, Spiegelhalter, and Winn 2003), and Stan (Stan
Development Team 2016) Bayesian inference engines, and then
internally construct an appropriate factor graph and perform
VMP message updates.

As already discussed, Infer.NET is the main software plat-
form providing support for VMP-based inference for general
classes of Bayesian models and its interior architecture makes
use of fragment-type rules such as those treated in (4.1) to han-
dle arbitrarily large models that are accommodated by these
rules. InWang andWand (2011) and Luts et al. (2017), we show
that versions of Infer.NET can handle various semiparametric
regressionmodels provided that particular “tricks” are used. For
example, the conjugacy rules of Infer.NET 2.5, Beta 2 do not
allow for the standard auxiliary variable representation of the
Laplace distribution (e.g., Equation (4) of Park andCasella 2008)
and an alternative approximate representation is used in Section
8 of Luts et al. (2015). More complicated semiparametric regres-
sion scenarios such as interactions handled using tensor product
splines (e.g., Wood, Scheipl, and Faraway 2013), nonparametric
variance function estimation (e.g., Menictas and Wand 2015),
streamlined variational inference for longitudinal andmultilevel
models (e.g., Lee andWand2016a, 2016b) andmissing data (e.g.,
Faes, Ormerod, and Wand 2011) require self-implementation
and the development of new fragments .

This article is not concerned primarily with coding issues
but rather the mathematics of VMP aimed at facilitating per-
sonal coding of VMP and development of updating formulas for
more elaborate semiparametric regression and other statistical
models.

4.4. Illustration for Group-Specific Curves Semiparametric
Regression

The five fundamental fragments of Section 4.1 can handle quite
complicated models as we now demonstrate for data from a
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longitudinal study on adolescent somatic growth, described in
detail by Pratt et al. (1989). The main variables are

yi j = jth height measurement (centimetres) of subject i,

and xi j = age (years) of subject i when yi j is recorded,

for 1 ≤ j ≤ ni and 1 ≤ i ≤ m. We restrict attention to the males
in the study, which results inm = 116 subjects. The subjects are
categorized into black ethnicity (28 subjects) andwhite ethnicity
(88 subjects) and comparison of mean height between the two
populations is of interest. The group-specific curve model takes
the form

yi j =
{

fB(xi j) + gi(xi j) + εi j for black subjects
fW (xi j) + gi(xi j) + εi j for white subjects,

where fB is the mean height function for the black population,
fW is the mean height function for the white population, the
functions gi, 1 ≤ i ≤ m, represent the deviations from ith sub-
ject’s mean function, and εi j is the within-subject random error.
The penalized spline models are of the form

fW (x) = βW
0 + βW

1 x +
Kgbl∑

k=1

uWgbl,kzgbl,k(x),

fB(x) = βW
0 + βBvsW

0 +
(
βW
1 + βBvsW

1
)
x

+
Kgbl∑

k=1

uBgbl,kzgbl,k(x)

and gi(x) = U0i +U1i x +
Kgrp∑

k=1

ugrp,ikzgrp,k(x),

where {zgbl,k : 1 ≤ k ≤ Kgbl} and {zgrp,k : 1 ≤ k ≤ Kgrp} are
spline bases of size Kgbl and Kgrp. The contrast function is

c(x) ≡ fB(x)− fW (x) = βBvsW
0 + βBvsW

1 x

+
Kgbl∑

k=1

(uBgbl,k − uWgbl,k)zgbl,k(x). (40)

Following the mixed model formulation of Durban et al. (2005)
and adopting a Bayesian approach leads to the model

y
∣∣∣∣β, uWgbl, u

B
gbl,U , ugrp, σε

∼ N
(
Xβ + ZW

gblu
W
gbl + ZB

gblu
B
gbl + ZUU

+ Zgrpugrp, σ 2
ε I
)

,

uWgbl

∣∣∣∣ σ
W
gbl ∼ N

(
0, (σW

gbl)
2
)
, uBgbl

∣∣∣∣ σ
B
gbl ∼ N

(
0,
(
σ B
gbl

)2)
,

U
∣∣∣∣$ ∼ N (0, Im ⊗$) , ugrp

∣∣∣∣ σgrp ∼ N
(
0, σ 2

grp

)
,

β ∼ N
(
0, σ 2

β I
)
,

(
σW
gbl

)2 ∣∣∣∣a
W
gbl ∼ Inverse-χ2

(
1, 1/aWgbl

)
,

(
σ B
gbl

)2 ∣∣∣∣a
B
gbl ∼ Inverse-χ2

(
1, 1/aBgbl

)
,

σ 2
grp|agrp ∼ Inverse-χ2 (1, 1/agrp

)
,

$|A ∼ Inverse-Wishart(3,A−1),

aWgbl ∼ Inverse-χ2
(
1, 1/A2

gbl

)
,

aBgbl ∼ Inverse-χ2
(
1, 1/A2

gbl

)
,

agrp ∼ Inverse-χ2
(
1, 1/A2

grp

)
,

A ∼ Inverse-G-Wishart
(
Gdiag, 1,

1
2
A−2U

)
,

σ 2
ε |aε ∼ Inverse-χ2(1, 1/aε), aε ∼ Inverse-χ2(1, 1/A2

ε)

(41)

for hyperparameters σ 2
β , Agbl, Agrp Aε all positive scalars, AU a

2× 2 positive definite diagonal matrix and Gdiag is a two-node
graph without edges, so that A has off-diagonal entries equal-
ing zero. All distributional notation is given in Section S.1 of the
online supplement. The coefficient vectors in (41) are

β ≡

⎡

⎢⎢⎢⎢⎣

βW
0

βW
1

βBvsW
0

βBvsW
1

⎤

⎥⎥⎥⎥⎦
, uWgbl ≡

⎡

⎢⎢⎣

uWgbl,1
...

uWgbl,Kgbl

⎤

⎥⎥⎦ ,

U ≡

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

U01

U11

...
U0m

U1m

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

and ugrp ≡

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ugrp,11
...

ugrp,1Kgrp

...
ugrp,m1

...
ugrp,mKgrp

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

with uBgbl defined analogously to u
W
gbl. The designmatricesX ,ZB

gbl
and ZU are

X ≡

⎡

⎢⎢⎣

1 x1 IB1 IB1 ⊙ x1
...

...
...

...
1 xm IBm IBm ⊙ xm

⎤

⎥⎥⎦ ,

ZB
gbl ≡

⎡

⎢⎢⎣

IB1 ⊙ zgbl,1(x1) · · · IB1 ⊙ zgbl,Kgbl (x1)
...

. . .
...

IBm ⊙ zgbl,1(xm) · · · IBm ⊙ zgbl,Kgbl (xm)

⎤

⎥⎥⎦ and
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ZU ≡ blockdiag
1≤i≤m

[1 xi]

with xi equaling the ni × 1 vector containing the xi j, 1 ≤ j ≤ ni,
and IBi equaling the ni × 1 vector with each entry set to IBi with
IBi = 1 if the ith subject is black and IBi = 0 if the ith subject is
white. The matrix ZW

gbl is defined in a similar manner to ZB
gbl,

but with IBi replaced by 1− IBi . The design matrix Zgrp has block
diagonal structure similar to ZU with blocks analogous to ZB

gbl
and ZW

gbl but there is allowance for a different, typically smaller,
spline basis of size Kgrp. The prior on $, in terms of the auxil-
iary variable A, has entries that are marginally noninformative
as explained in Huang and Wand (2013).

Figure 6 shows the factor graph of (41) according to the q-
density product restriction

q
(

β, u, aε, aBgbl, a
W
gbl, agrp,A, σ 2

ε ,
(
σW
gbl

)2
,

(
σ B
gbl

)2
,$, σ 2

grp

)

= q(β, u) q
(
aε, aBgbl, a

W
gbl, agrp,A, σ 2

ε ,
(
σW
gbl

)2
,

(
σ B
gbl

)2
,$, σ 2

grp

)

= q(β, u)q(aε)q
(
aBgbl

)
q
(
aWgbl

)
q(agrp)q(A)q

(
σ 2

ε

)

× q
((

σW
gbl

)2)
q
((

σ B
gbl

)2)
q($)q

(
σ 2
grp

)
.

with the second equality justified by induced factorization the-
ory (e.g., Section 10.2.5 of Bishop 2006).

Notwithstanding the complexity of Figure 6, it is simply a
conglomeration of four of the fundamental fragments of Table 1,
indicated by the number adjacent to each factor. Therefore the
factor to stochastic node messages for VMP-based inference are
special cases of the messages given in Section 4.1 and can be
updated using the formulas given there. The stochastic node
to factor messages have trivial updates based on (7). Running
100 iterations of these updates leads to the fitted group-specific
curves for 35 randomly chosen subjects and contrast curve
shown in Figure 7.MCMC-basedfits, obtainedusing theRpack-
age rstan (Stan Development Team 2016), are also shown for

comparison. VMP is seen to be in very good agreement with
MCMC. The right panel of Figure 7 shows the estimated height
gap between black male adolescents and white male adolescents
as a function of age. It is highest and (marginally) statistically
significant up to about 14 years of age, peaking at 13 years of
age. Between 17 and 20 years old there is no discernible height
difference between the two populations.

5. Extension to Generalized Semiparametric
Regression

Now, we turn to the situation where the response data are not
Gaussian and, in particular, are binary or counts. This corre-
sponds to the generalized extension of linear models. In the
same vein, generalized linear mixedmodels and generalized addi-
tive models are extensions of models treated in Section 3 that
fall under the umbrella of generalized semiparametric regression.
Viable VMP algorithms for generalized semiparametric regres-
sion need to be developed on a case-to-case basis. In this section,
we treat binary response semiparametric regression, with both
logistic and probit link functions, and Poisson semiparametric
regression.

The logistic case is handled here using the variational lower
bound of Jaakkola and Jordan (2000). In the probit case, a rather
different approach is used based on the auxiliary variable repre-
sentation ofAlbert andChib (1993).Girolami andRogers (2006)
and Consonni and Marin (2007) show how the Albert–Chib
device results in tractable MFVB algorithms for probit models.
The Poisson case uses yet another approach based on the non-
conjugate VMP infrastructure laid out in Knowles and Minka
(2011) and the fully simplified Multivariate Normal updates
derived in Wand (2014). Knowles and Minka (2011) and Tan
andNott (2013) also proposed quadrature-based approaches for
handling the logistic case, but are not investigated here.

The beauty of theVMPapproach is that onlymessages passed
between fragments near the likelihood part of the factor graph
are affected by a change from the Gaussian response situation
to each of these generalized response situations. Figure 8 shows
the fragments involved. The left panel diagram of Figure 8 is
appropriate for both logistic models handled via the Jaakkola
and Jordan (2000) approach and Poisson response models han-
dled via the Knowles andMinka (2011) approachwith theWand
(2014) updates. The fragment is called the Jaakkola–Jordan

Figure . Factor graph corresponding to the group specific curve model (). The number adjacent to each factor signifies the fragment number in Table .
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Figure . Left panel: comparison ofMCMC-based and VMP-based fitted group-specific curves for  randomly chosen subjects from the data on adolescent somatic growth
(Pratt et al. ). The legend in each panel signifies the subject’s ethnicity. Right panel: similar to the left panel but for the estimated contrast curve. The dashed curves
correspond to approximate pointwise % credible intervals. The tick marks at the base of the plot show the age data.

logistic fragment or theKnowles-Minka-Wand fragment depend-
ing on the response type. In Sections 5.1 and 5.3, we provide ana-
lytic updating formulas for the sufficient statistic ofmp(y|θ)→θ(θ)

assuming thatMultivariateNormalmessages are being passed to
and from the θ stochastic node.

Throughout this section θ denotes an d × 1 random vector
and A denotes an n× d design matrix.

5.1. Jaakkola–Jordan Updates for the Logistic Likelihood
Fragment

The logistic fragment is concerned with the logistic likelihood
specification

yi|θ
ind.∼ Bernoulli

(
1/[1 + exp{−(Aθ)i}]

)
, 1 ≤ i ≤ n.

The factor of this fragment is

p(y| θ) = exp
[
yTAθ − 1T log{1 + exp(Aθ)}

]
. (42)

Based on inputs

ηp(y| θ)→θ and ηθ→p(y| θ)

the variational and natural parameter vectors have the following
updates:

(←− 1
4

{
vec−1

((
ηp(y| θ)↔θ

)
2

)}−1

Figure. Left panel: diagram for fragment corresponding to the likelihood for logis-
tic and Poisson regression models. Right panel: fragments for the likelihood for
probit regression models with auxiliary variables a1, . . . , an corresponding to the
Albert–Chib device.

×
[(

ηp(y| θ)↔θ

)
1

(
ηp(y| θ)↔θ

)T
1

×
{
vec−1

((
ηp(y| θ)↔θ

)
2

)}−1
− 2I

]
,

ξ ←−
√
diagonal (A(AT ),

ηp(y| θ)→θ ←−

⎡

⎢⎣
AT (y− 1

21)

−vec
(
ATdiag

{
tanh(ξ/2)

4ξ

}
A
)

⎤

⎥⎦ . (43)

Justification for these updates is given in Section S.2.2 of the
online supplement.

5.2. Updates for the Albert–Chib Probit Likelihood
Fragments

TheAlbert–Chib probit fragments deal with the probit likelihood
specification

yi|θ
ind.∼ Bernoulli

(
/{(Aθ)i}

)
, 1 ≤ i ≤ n. (44)

where / is the N(0, 1) cumulative distribution function. Fol-
lowing Albert and Chib (1993), we rewrite (44) as

yi|ai
ind.∼ Bernoulli

(
I(ai ≥ 0)

)
, 1 ≤ i ≤ n,

a|θ ∼ N(Aθ, I) (45)

and work with the factor graph fragments shown in the right
panel of Figure 8.

Based on the inputs ηp(a| θ)→θ and ηθ→p(a| θ), the updates for
the Albert-Chib probit fragments are

ν←− −1
2
A
{
vec−1

((
ηp(a| θ)↔θ

)
2

)}−1

×
(
ηp(a| θ)↔θ

)
1,
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ηp(a| θ)→θ ←−

⎡

⎣AT
{
ν + (2y− 1)⊙ ζ ′

(
(2y− 1)⊙ ν

)}

− 1
2 vec(A

TA)

⎤

⎦

(46)

where

ζ (x) ≡ log{2/(x)} implying that ζ ′(x) = (2π )−1/2e−x2/2

/(x)
.

Working with ζ ′ has the advantage that software, such as the
function zeta() in the package sn (Azzalini 2015) within the
R computing environment (R Core Team 2015), that facilitates
numerically stable computation of (46).

Justification for these updates is given in Section S.2.3 of the
online supplement.

5.3. Knowles–Minka–Wand Updates for the Poisson
Likelihood Fragment

The generic Poisson regression likelihood is

yi|θ ∼ Poisson (exp{(Aθ)i}), 1 ≤ i ≤ n.

Based on inputs

ηp(y| θ)→θ and ηθ→p(y| θ),

the update of ηp(y| θ)→θ involves the steps

ω←− exp
(
− 1

2
A
{
vec−1

((
ηp(y| θ)↔θ

)
2

)}−1(
ηp(y| θ)↔θ

)
1

−1
4
diagonal

[
A
{
vec−1

((
ηp(y| θ)↔θ

)
2

)}−1
AT
])

ηp(y| θ)→θ

←−

⎡

⎢⎢⎢⎢⎣

AT
[
y− ω

− 1
2diag (ω)A

{
vec−1

((
ηp(y| θ)↔θ

)
2

)}−1(
ηp(y| θ)↔θ

)
1

]

− 1
2 vec

(
ATdiag (ω)A

)

⎤

⎥⎥⎥⎥⎦
.

(47)

Full justification of (47) is given in Section S.2.4 of the online
supplement. Note that, despite their involved form, the manipu-
lations required to update the factor to stochastic node message
are purely algebraic. Again we point out that, according to the
message passing approach, (47) only needs to be implemented
once when developing a suite of computer programs for VMP-
based semiparametric regression.

5.4. Illustration for Generalized Response Nonparametric
Regression

We now provide brief illustration of the fragments presented
in this section for nonparametric regression via mixed model-
based penalized splines with synthetic data. Accuracy compared
with MCMC-based inference is also addressed. A timing com-
parison is given in Section 6.

A sample of size 500 was generated from the Uniform dis-
tribution on (0, 1), which we denote by x1, . . . , x500 and then

binary and count responses were generated according to

ybi |xi
ind.∼Bernoulli{ ftrue(xi)} and

yci |xi
ind.∼ Poisson{10 ftrue(xi)}, 1 ≤ i ≤ 500,

where ftrue(x) ≡ {1.05− 1.02 x + 0.018 x2 + 0.4φ(x; 0.38,
0.08) + 0.08φ(x; 0.75, 0.03)}/2.7 and φ(x;µ, σ ) ≡
(2πσ 2)−1/2 exp{− 1

2 (x− µ)/σ 2}. The logistic, probit, and
Poisson penalized spline models for the mean functions take
the forms

H

(

β0 + β1 x +
K∑

k=1

uk zk(x)

)

, uk
ind.∼ N(0, σ 2

u )

where, respectively, H(x) = 1/(1 + e−x), H(x) = /−1(x) and
H(x) = ex and the zk are spline basis functions as defined
just after (12). The priors β0,β1

ind.∼ N(0, 1010) and σu ∼
Half-Cauchy(105) were imposed. A canonical cubic O’sullivan
spline basis with K = 25 was used for the zk, formed by placing
the interior knots at quantiles of the xis. MCMC samples from
the posterior distributions of the coefficients of size 1000, after a
warm-up of 1000, were obtained using the R package rstan (Stan
Development Team2016). VMP fitting is similar to the updating
scheme described in Section 3.2 but with likelihood fragment
updating steps described in Sections 5.1–5.3 rather than those
for the Gaussian likelihood fragment and was iterated 200 times
for each model.

Figure 9 displays the true mean function and the MCMC
and VMP fits. In the logistic and Poisson models it is diffi-
cult to discern a difference between the posterior means and
pointwise 95% credible intervals. The probit fits are such that
VMP gives credible sets that are slightly too narrow. This short-
coming of MFVB/VMP for the Albert–Chib probit approach is
attributable to posterior correlations between the entries a and
those of (β0, u) conveniently being set to zero in the mean field
approximation even though these correlations are significantly
nonzero (e.g., Holmes and Held 2006).

6. Speed Considerations

As the title of this article indicates, the MFVB/VMP approach
offers fast approximate inference. For models of reasonable size,
fits can be achieved in a few seconds or less on ordinary desk-
top and laptop computers. Seven of the author’s previously pub-
lished MFVB articles contain speed comparisons with MCMC
including Faes, Ormerod, and Wand (2011), Lee and Wand
(2016b), and Luts andWand (2015) out of those which are refer-
enced earlier. The speed advantages for the VMP alternative also
apply, although some qualification is necessary due to whether
or not matrix algebraic streamlining is employed. In Table 1
of Lee and Wand (2016a), it is shown that MFVB/VMP fit-
ting of large semiparametric longitudinal andmultilevel models
with matrix algebraic streamlining and low-level programming
language implementation can be achieved in seconds evenwhen
there are tens of thousands of groups. A similar story is told by
Table 1 of Lee and Wand (2016b) for large to very large group-
specific curve models. TheMFVB/VMP computing times range
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Figure . Comparison of MCMC- and VMP-based inference for simulated Bernoulli and Poisson response nonparametric regression data. The solid curves are Bayes esti-
mates whilst the dash curves correspond to pointwise % credible intervals. The tick marks at the top and base of the binary response plots show the data.

from minutes to tens of minutes for the largest models consid-
ered, although this is without low-level programming language
implementation. It is stated that MCMC fitting for the same
models is expected to take days to weeks to run.

Table 3 shows the average and standard deviation of com-
puting times in seconds for replications of Figure 9 simulation
example. All computations were performed on a laptop com-
puter with 8 GB of random access memory and a 1.7 GHz pro-
cessor. There are a number of caveats connectedwith Table 3: (a)
the computing times depend on theMCMCsample sizes and the
number of VMP iterations, (b) the MCMC iterations are per-
formed by Stan in the faster low-level C++ programming lan-
guage whereas the VMP iterations are performed in the slower
high-level R programming language, (c) the VMP approach was
implemented naïvely using the formulas of Section 4.1.4 with-
out any matrix algebraic streamlining. Each of these caveats
disadvantage the VMP approach in the speed comparison.
Nevertheless, Table 3 shows that VMP takes 1.5 seconds or less
to perform approximate Bayesian inference for Figure 9 scatter-
plots, whereas close to a minute is needed for MCMC via Stan.

Table . Average (standard deviation) of computational times in seconds over 
replications of Figure  simulated data example.

Logistic nonpar. Probit nonpar. Poisson nonpar.
Method reg’n reg’n reg’n

MCMC . (.) . (.) . (.)
VMP . (.) . (.) . (.)

7. Conclusion

We have demonstrated that approximate inference for particu-
lar classes of arbitrarily large semiparametric regression models
can be implementedwith relatively few computer code compart-
ments. Moreover, many of these compartments involve straight-
forward matrix algebraic manipulations. Our exposition tran-
scends ongoing software projects that make use of MFVB/VMP.
Extensions to more elaborate models within the VMP frame-
work is elucidated.

Accuracy considerations aside, the algebraic infrastructure
that we have laid out in this article has far-reaching implications
for the analysis of big datasets via large semiparametric mod-
els as both continue to grow in size. It is also beneficial for other
classes of statistical models. In situations where inferential accu-
racy is paramount, variational message passing algorithms may
still play important roles in design and model selection phases
with final reporting based on a more accurate method.

Supplementary Materials

The online supplementary materials provide technicalities including
detailed derivations and justifications.
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Dustin Tran and David M. Blei

Department of Computer Science and Statistics, Columbia University, New York, NY

We commendWand (2017) for an excellent description of mes-
sage passing (MP) and for developing it to infer large semi-
parametric regression models. We agree with the author in fully
embracing the modular nature of message passing, where one
can define “fragments” that enables us to compose localized
algorithms. We believe this perspective can aid in the develop-
ment of new algorithms for automated inference.

Automated inference. The promise of automated algorithms is
that modeling and inference can be separated. A user can con-
struct large, complicatedmodels in accordancewith the assump-
tions he or she is willing to make about their data. Then the user
can use generic inference algorithms as a computational back-
end in a “probabilistic programming language,” that is, a lan-
guage for specifying generative probability models.

With probabilistic programming, the user no longer has to
write their own algorithms, which may require tedious model-
specific derivations and implementations. In the same spirit,
the user no longer has to bottleneck their modeling choices to
fit the requirements of an existing model-specific algorithm.
Automated inference enables probabilistic programming sys-
tems, such as Stan (Carpenter et al. 2016), throughmethods like
automatic differentiation variational inference (ADVI; Kucukel-
bir et al. 2016) and no U-turn sampler (NUTS; Hoffman and
Gelman 2014).

Though they aim to apply to a large class of models, auto-
mated inference algorithms typically need to incorporate mod-
eling structure to remain practical. For example, Stan assumes

CONTACT David Blei david.blei@columbia.edu Department of Computer Science and Statistics, Columbia University, New York, NY , USA.

that one can at least take gradients of a model’s joint density.
(Contrast this with other languages that assume one can only
sample from the model.) However, more structure is often nec-
essary: ADVI and NUTS are not fast enough by themselves to
infer very large models, such as hierarchical models with many
groups.

We believe MP andWand’s work could offer fruitful avenues
for expanding the frontiers of automated inference. From our
perspective, a core principle underlying MP is to leverage struc-
ture when it is available—in particular, statistical properties in
the model—which provides useful computational properties.
In MP, two examples are conditional independence and condi-
tional conjugacy.

From conditional independence to distributed computation.
As Wand (2017) indicated, a crucial advantage of message
passing is that it modularizes inference; the computation can be
performed separately over conditionally independent posterior
factors. By definition, conditional independence separates a
posterior factor from the rest of the model, which enables MP
to define a series of iterative updates. These updates can be run
asynchronously and in a distributed environment.

We aremotivated by hierarchicalmodels, which substantially
benefit from this property. Formally, let ynk be the nth data point
in group k, with a total ofNk data points in group k and K many
groups. We model the data using local latent variables αk asso-
ciated with a group k, and using global latent variables φ, which
are shared across groups. The model is depicted in Figure 1.
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Figure . A hierarchical model, with latent variables αk defined locally per group
and latent variables φ defined globally to be shared across groups.

The posterior distribution of local variables αk and global
variables φ is

p(α,φ|y) ∝ p(φ|y)
K!

k=1

"

p(αk | φ)

NK!

n=1
p(ynk | αk,φ)

#

.

The benefit of distributed updates over the independent fac-
tors is immediate. For example, suppose the data consist of 1000
data points per group (with 5000 groups); we model it with 2
latent variables per group and 20 global latent variables. Passing
messages, or inferential updates, in parallel provides an attrac-
tive approach to handling all 10,020 latent dimensions. (In con-
trast, consider a sequential algorithm that requires taking 10,019
steps for all other variables before repeating an update of the
first.)

While this approach to leveraging conditional independence
is straightforward from themessage passing perspective, it is not
necessarily immediate fromother perspectives. For example, the
statistics literature has only recently come to similar ideas, moti-
vated by scaling upMarkov chainMonte Carlo using divide and
conquer strategies (Huang and Gelman 2005; Wang and Dun-
son 2013). These first analyze data locally over a partition of
the joint density, and second aggregate the local inferences. In
our work in Gelman et al. (2014), we arrive at the continua-
tion of this idea. Like message passing, the process is iterated,
so that local information propagates to global information and
global information propagates to local information. In doing so,
we obtain a scalable approach to Monte Carlo inference, both
from a top-down view, which deals with fitting statistical mod-
els to large datasets and from a bottom-up view, which deals
with combining information across local sources of data and
models.

From conditional conjugacy to exact iterative updates.
Another important element of message passing algorithms
is conditional conjugacy, which lets us easily calculate the exact
distribution for a posterior factor conditional on other latent
variables. This enables analytically tractable messages (see Eqs.
7 and 8 of Wand 2017).

Consider the same hierarchical model discussed above, and
set

p(yk,αk | φ) = h(yk,αk) exp
$
φ⊤t(yk,αk)− a(φ)

%
,

p(φ) = h(φ) exp
$
η(0)⊤t(φ)− a(η0)

%
.

The local factor p(yk,αk | φ) has sufficient statistics t(yk,αk)

and natural parameters given by the global latent variableφ. The
global factor p(φ) has sufficient statistics t(φ) = (φ,−a(φ)),
and with fixed hyperparameters η(0), which has two compo-
nents: η(0) = (η(0)

1 , η(0)
2 ).

This exponential family structure implies that, conditionally,
the posterior factors are also in the same exponential families as
the prior factors (Diaconis and Ylvisaker 1979),

p(φ | y,α) = h(φ) exp
$
η(y,α)⊤t(φ)− a(y,α)

%
,

p(αk | yk,φ) = h(αk) exp
$
η(yk,φ)⊤t(αk)− a(yk,φ)

%
.

The global factor’s natural parameter is η(y,α) = (η(0)
1 +&K

k=1 t(yk,αk), η
(0)
2 +

&K
k=1 Nk).

With this statistical property at play—namely, that conju-
gacy gives rise to tractable conditional posterior factors—we
can derive algorithms at a conditional level with exact itera-
tive updates. This is assumed for most of the message passing
of semiparametric models in Wand (2017). Importantly, this is
not necessarily a limitation of the algorithm. It is a testament
to leveraging model structure: without access to tractable con-
ditional posteriors, additional approximations must be made.
Wand (2017) provided an elegant way to separate out these non-
conjugate pieces from the conjugate pieces.

In statistics, the most well-known example that leverages
conditionally conjugate factors is the Gibbs sampling algorithm.
From our own work, we apply the idea to access fast natu-
ral gradients in variational inference, which accounts for the
information geometry of the parameter space (Hoffman et al.
2013). In other work, we demonstrate a collection of methods
for gradient-based marginal optimization (Tran, Gelman, and
Vehtari 2016). Assuming forms of conjugacy in the model class
arrives at the classic idea of iteratively reweighted least squares as
well as the EM algorithm. Such structure in the model provides
efficient algorithms—both statistically and computationally—
for their automated inference.

Open challenges and future directions. Message passing is a
classic algorithm in the computer science literature, which is
ripe with interesting ideas for statistical inference. In particular,
MP enables new advancements in the realm of automated infer-
ence, where one can take advantage of statistical structure in the
model. Wand (2017) made great steps following this direction.

With that said, important open challenges still exist to realize
this fusion.

First is about the design and implementation of probabilis-
tic programming languages. To implement Wand’s (2017) mes-
sage passing, the languagemust provideways of identifying local
structure in a probabilistic program. While that is enough to let
practitioners use MP, a much larger challenge is to then auto-
mate the process of detecting local structure.

Second is about the design and implementation of inference
engines. The inference must be extensible, so that users cannot
only employ the algorithm in Wand (2017) but easily build on
top of it. Further, its infrastructure must be able to encompass
a variety of algorithms, so that users can incorporate MP as one
of many tools in their toolbox.

Third, we think there are innovations to be made on tak-
ing the stance of modularity to a further extreme. In prin-
ciple, one can compose not only localized message passing
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updates but compose localized inference algorithms of any
choice—whether it be exact inference, Monte Carlo, or varia-
tional methods. This modularity will enable new experimenta-
tion with inference hybrids and can bridge the gap among infer-
ence methods.

Finally, while we discussMP in the context of automation, we
point out that fully automatic algorithms are not possible. Asso-
ciated with all inference are statistical and computational trade-
offs (Jordan 2013). Thus, we need algorithms along the fron-
tier, where a user can explicitly define a computational budget
and employ an algorithm achieving the best statistical proper-
ties within that budget; or conversely, define desired statistical
properties and employ the fastest algorithm to achieve them.
We think ideas in MP will also help in developing some of these
algorithms.
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1. Introduction

Matt Wand’s article describes a computational paradigm for
semiparametric regression through variational message passing
(VMP), an approximate inference technique originated from
Bayesian networks but found increasing application in main-
stream statisticalmodeling. By expressing semiparametricmod-
els as factor graphs, Wand showed that factorized modeling
components could be used as bases for fast estimation and infer-
ence, throughmeanfield variational Bayes andVMPalgorithms.
I applaud Wand’s effort in identifying and formulating com-
mon factor graph fragments for frequently used parametric and
semiparametric models; these fragments are designed to func-
tion as the basic building blocks for more complex models and
algorithms. Wand’s work, in my opinion, represents an initial
but important step toward the development of general-purpose
model fitting algorithms and user-friendly software for larger
semiparametric models.

Technical contributions aside, the article’s dissemination of
the computational details, illustrated by frequently used mod-
els together with real-data applications, makes it an excellent
introduction to variational Bayes and related message passing
algorithms in amore familiar modeling setting. The educational

CONTACT Wanzhu Tu wtu@iu.edu Department of Biostatistics, Indiana University School of Medicine, Indianapolis, IN .

values of the piece should not be underestimated, as adoption
of a new methodology is usually contingent on the pedagogical
quality of its initial introduction. Wand deserves compliments
for his clear articulation of the problem and explicit provision
of the solution.

In this short discussion, I would like to recap some of the
basic tenets of VMP, comment on its use in semiparametric
regression, and give my reasons on why we should be excited
about Wand’s article, all from the viewpoint of someone who
uses semiparametricmethods in real scientific investigations. Of
course, it would not be so interesting if I am in complete agree-
ment withWand—Iwill comment on a few things that I thought
deserved greater attention.

2. VMP in a Nutshell

VMP is an approximate inference algorithm that initially arises
in the context of graphical models. An earlier algorithm based
on a similar idea appeared under the name of belief propaga-
tion (Pearl 1986; Spiegelhalter 1986; Lauritzen and Spiegelhalter
1988). TheVMP technique aswe currently understand is framed
by Winn (2003) and Winn and Bishop (2005), upon which this
review is based.
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Variational inference, in its essence, is a process of approxi-
mation. Its basic idea is fairly straightforward: letting D and H
be the observed and the unobserved variables, one approximates
the true posterior distribution P(H|D) by a variational distri-
butionQ(H) that minimizes of KL(Q||P), the Kullback–Leibler
divergence between the true posterior P and its approximate
Q. Winn (2003) expressed the Kullback–Leibler divergence as

KL(Q||P) =
!

H
Q(H) log

Q(H)

P(H,D)
dH + logP(D).

Since the last term in the above equation has no reliance onQ, it
suffices to minimize the first term, or to maximize its negative,
which is often referred to as the variational lower bound of Q,
denoted as L(Q).

The burden of maximizing L(Q) depends on the struc-
tural complexity of Q(H). Factorizing the hidden variables as
Q(H) =

"
i Qi(Hi) simplifies the calculation ofQ; here, theQi’s

represent the variational distributions for the disjoint groups of
variables. Winn and Bishop (2005) provided updating formu-
las that iteratively maximize the lower bound L(Q), by cycling
through all factors.

The factorization here actually does more than just simplify-
ing the structure of Q(H). It helps to localize the computation,
so that the updating equation for a node Hj only involves the
variables relates to Hj , including its parents, children, and chil-
dren’s parents. This localized network is sometimes referred to as
the Markov blanket ofHj. Winn and Bishop (2005) proposed to
decompose the optimization into a series of local operations that
depend only on “messages” passed among neighboring nodes.
This sets the stage for VMP. Operationally, the messages from
parents to children are simply the expectation of the sufficient
statistics under Q, and the messages from children are the nat-
ural parameters, which happen to rely on messages previously
received from co-parents. For nodes whose values are observed,
expectations are replaced by the observed values.

An important feature of the standard VMP algorithm is
its use of the conjugate-exponential model. When the condi-
tional distribution of a node, given its parents, follows an expo-
nential distribution and is conjugate with respect to the prior
distributions of its parents, one has a conjugate-exponential
model. Such a model ensures that all nodes and their respec-
tive priors are within the same family of distributions. As a
result, one could simply focus on the parameters without wor-
rying about the distribution functions. More specifically, the
conjugate-exponential model provides sufficient statistic and
natural parameter vectors in closed forms, which are used for
message calculation and variational updating. By updating the
natural parameter and sufficient statistic vectors for each node,
one iteratively calculates and improves the lower bounds L(Q).

The use of conjugate-exponentialmodels, however, is not just
a trick for computational expedience. It ensures that optimiza-
tion of the variational distribution is carried out within the dis-
tributional family of the true posterior. It provides an implicit
but important assurance that the approximation has some func-
tional resemblance to its target; this is something that uncon-
strained minimization of Kullback–Leibler divergence is unable
to provide. For all practical purposes, this constraint is not more
limiting than the distributional assumptions used by other ana-
lytical frameworks.Whennecessary, extensions to nonconjugate

conditional distributions are possible, typically by approximat-
ing the nonconjugate distributions with conjugate ones.

3. VMP: The Knowns and Unknowns

Much has been learned in the last decade about the method-
ological properties and operational characteristics ofVMP. First,
VMP is known to be deterministic—under the same initial-
ization and message passing schedule, the algorithm would
lead to the same solution. Second, VMP algorithms always
converge, because the stopping rules are based either on the
improvement in the lower bound or on the stabilization of
marginal distributions. No objective criteria on the quality of
approximation are used. Therefore, algorithmic convergence
does not guarantee an achievement of the right solution. For-
tunately, numerical evidence from models tested so far has
shown generally good agreement between theVMP andMCMC
estimates. In semiparametric regression, Wand showed data
examples where VMP and MCMC methods produced similar
results. Finally, there is a recognition on the similarity between
expectation–maximization (EM) and VMP algorithms. A key
difference though is that EM uses posterior modes (or MLE)
as point estimates of parameters of interest while estimating
the posterior distributions for the latent variables. Variational
Bayes, on the other hand, makes no distinction between model
parameters and latent variables. In a factorized approximation,
VMP simply cycles through the latent variables and model
parameters, running localized message passing and variational
updating.

We know considerably less about VMP’s capacity for statis-
tical inference. Winn and others have observed a tendency of
VMP to concentrate probability mass in regions of high poste-
rior probability while depleting the probability mass in regions
of low posterior probability, for example, Figure 4 in Winn and
Bishop (2005). Although this may not have negatively affected
point estimation, inference could be put on a shakier ground.
In Section 5.4 of his article, Wand observed that the pointwise
95%VMP credible intervals for the probit model were narrower
than those produced by MCMC. The differences were not large
inWand’s example, and theywere attributed to the lack of proper
accounting of correlations among the parameters. While this
may be true inWand’s case, more concentrated probability mass
has been observed in other situations as well, which could be a
cause of concern. Could it be due to the behavior of Kullback–
Leibler divergence measure that is used to derive the variational
distribution? Regardless, as we move to apply VMP techniques
to more complicated models, it seems reasonable to demand a
more detailed understanding of VMP’s capacity for valid infer-
ence in different modeling and data situations. Future investiga-
tions perhaps should place more emphasis on inference than on
estimation.

4. VMP in Semiparametric Regression

Semiparametric regression, which combines the strengths of
traditional parametric regression with enhanced modeling flex-
ibility of nonparametric techniques, has emerged as one of the
most vibrant and fast-developing branch of modern statistics.
Besides its intrinsic methodological appeals, semiparametric
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regression owes much of its success to the unified treatment of
a diverse class of models and its mixed effect model represen-
tation, as elegantly described by Ruppert, Wand, and Carroll
(2003). Such a representation allows fitting of most semipara-
metric regressionmodelswith standard computational software.

Semiparametric analysis in scientific investigation has led to
important findings that would not have been made with tradi-
tional parametric methods. For example, in a series of mech-
anistic studies of blood pressure regulation, investigators have
used semiparametricmethods to examine the biological interac-
tions among components of the renin–angiotensin–aldosterone
system (Tu et al. 2012; Yu et al. 2013). A key observation is
that individuals of African ancestry tend to have increased lev-
els of sensitivity to aldosterone, a mineralocorticoid hormone
that up-regulates sodium reabsorption by the kidney, and this
increased sensitivity is compounded by an expansion of extra-
cellular fluid volume (Tu et al. 2014). This discovery not only
helps to explain why African Americans, under similar condi-
tions, would be more susceptible to hypertension than whites,
but also lead to a suggestion of a new therapeutic strategy—
blocking aldosterone in patients who do not have particularly
high levels of aldosterone in the circulation (Funder 2014). It
may be difficult to imagine that all these findings originate from
a series of semiparametric analyses of observational data. But
the initial observations are confirmed by evidence from human
experiments.

The above example points to the power of semiparametric
analysis. But if semiparametricmodels can be implementedwith
standard software, who would need VMP? People in modeling
practice are well aware of the limitations of existing compu-
tational tools. Again, in the renin–angiotensin–aldosterone
system there are in fact multiple operators that jointly deter-
mine the levels of sodium retention and thus blood pressure.
These biological influences are often intertwined and non-
linear. A more realistic depiction of the physiologic system
would result in very complex semiparametric models or model
systems. Previously, we have attempted to develop multivari-
ate semiparametric models that accommodate some aspects
of the interactive features, in a much simpler situation (Liu
and Tu 2012). Although those models are nowhere near the
level of sophistication needed to accurately convey the current
understanding of human physiology, they are at the limit of our
computational capacity. As many modelers would confess, it is
usually not so difficult to write a good model—the challenge
is to fit it. Considering the factors involved and the interactive
relations among them, fitting a real-mechanism-driven model
using existing tools has so far been a hopeless exercise. This
is precisely where VMP might come to the rescue, and why
Wand’s work is so exciting.

5. Where DoWe Go FromHere?

Over the past decade, VMP has grown and matured into an
accepted computational technique and inference tool. Its success
in a wide variety of statistical models has attested to its value. Its
most recent penetration into the field of semiparametric regres-
sion brings about new excitement and expectation. By providing
closed-form VMP solutions for a broad class of semiparamet-
ric models, Wand’s article brings us one step closer to acquiring

the necessary computational tools for larger and more complex
semiparametric models.

This, of course, is not to say that the algorithms that the article
presented are ready for off-the-shelf use in practical data anal-
ysis. We are not quite there yet, and I do not expect the imple-
mentation will be trivial. In my mind, Wand’s article is not so
much about programming and software development, but more
about a model-fitting methodology. The VMP building blocks
thatWand presented are indeed implementable. But it is unclear
how likely practical data analysts would go out of their ways to
program the algorithms, just for the purpose of fitting standard
semiparametric models. The true and bigger impact of Wand’s
work is likely to be on modelers. These algorithms and their
basic building blocks will give modelers a freer hand in con-
structing new semiparametric models that better answer real
scientific questions.

A number of other issues may require further investigation.
One is VMP’s performance in statistical inference, in compari-
son with MCMC and penalized likelihood methods. Statistical
inference in semiparametric models has its unique challenges,
but inference is what science demands. A proven ability to
produce valid inference is always expected of a new method.
Another issue requires more investigation is VMP’s balance
between computational efficiency and quality of approxima-
tion in semiparametric regression, again in comparison with
stochastic and likelihood based methods. A better understand-
ing of these issues will help analysts make more informed
decisions on modeling approaches.

Will VMP impact science in ways that other major method-
ological advancements have in the past? Only time will tell.
Things will have to be worked out on a case-by-case basis, but
we have every reason to be hopeful. Stay tuned.
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1. Introduction

This very stimulating article reminded us of the following
remark in a review article by Wand and co-authors (Ruppert,
Wand, and Carroll 2009):

Interplay with Computer Science is one of the most exciting recent
developments in semiparametric regression.We anticipate this to be
an increasingly fruitful area of research.

Bringing message passing to bear on semiparametric regres-
sion, as Wand has done here, is very much in the spirit of such
interplay. The notion of message passing is ubiquitous in some
areas of computer science, such as distributed computing and
object-oriented programming.More specifically, within the field
of artificial intelligence, the influential problem-solving model
of Hewitt (1977) is based upon message passing, while Pearl
(1982, 1988) proposed the passing ofmessages among neighbor-
ing nodes as a way to update beliefs efficiently in large Bayesian
networks.

Against this backdrop it is unsurprising that, whereas varia-
tional message passing (VMP) is formulated quite differently in
the three papers thatWand cites (Winn and Bishop 2005;Minka
2005; Minka and Winn 2008), in each case the authors find it
natural to portray the algorithm as passing messages among the
nodes of a network. But for readers like us with a mainstream
statistics background, a message passing scheme such as that
described by Wand comes across, at least at first, as uncomfort-
ably mysterious (see Wainwright and Jordan 2008, p. 36).

We begin by posing three questions that arose for us as we
read Wand’s article. The first crystallizes our unease with the
very notion of message passing, and addressing this key ques-
tion will pave the way toward answering the other two.

1. As presented by Wand, following Minka (2005), VMP
works by iteratively updating two types of messages:
messagesmθ i→ fj (θi) from variables (stochastic nodes) to
factors, and messages mfj→θ i

(θi) from factors to vari-
ables. What, exactly, is the statistical meaning of these
messages?

CONTACT Philip T. Reiss reiss@stat.haifa.ac.il Department of Statistics, University of Haifa, Haifa , Israel.

2. How is the VMP algorithm related to the traditional
approach to mean field variational Bayes (MFVB)?

3. Wand’s message updates are given in (W7)–(W9) (here
and below, to avoid confusion with our own equation
numbers, we use (Wx) to denote Wand’s equation (x)).
How do these reduce to natural parameter updates, as
presented from Section 3.2 onward?

In the following sections, we attempt to answer these ques-
tions and thereby, we hope, to shed some light on VMP.

2. A Closer Look at Messages

To address Question 1, we consider first the variable-to-factor
messages and then the factor-to-variable messages.

Variable-to-factor messages. Recall that the form of the mes-
sages in Wand’s presentation of VMP flows from the factor
graph representation. In an article popularizing this repre-
sentation, Kschischang, Frey, and Loeliger (2001) developed a
generic sum–product algorithm in which messages are passed
back and forth between factors and variables, as in Wand’s pre-
sentation of VMP. Bishop (2006, p. 408) noted that one can
eliminate the variable-to-factor messages in the sum–product
algorithm, and reformulate it with only factor-to-variable mes-
sages. We find it helpful to reformulate VMP in a similar
way.

Let us first recall Wand’s generic algorithm. In Section 3.2,
following Minka (2005), he presents an iteration loop for VMP
that could be stated as (1) choose a factor; (2) update messages
from neighboring stochastic nodes to that factor; (3) update
messages from that factor to neighboring stochastic nodes.
While the schedule for updating factors may be flexible in some
applications (Winn and Bishop 2005, sec. 3.5), for our purposes
we can assume the factors are updated serially in a fixed order.
Thus, a single iteration of the VMP algorithm might be written
as a loop over j, with each step comprising two subloops:

Loop A. For j = 1, . . . ,N:
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1. For each i′ ∈ S j, perform the update

mθ i′→ f j (θi′ )←−∝
∏

j′ ̸= j:i′∈S j′

mfj′→θ i′ (θi′ ). (1)

This is just (W7), but with S j′ (defined in (W5)) replacing
the equivalent “neighbors( j′).”

2. For each i ∈ S j:
(a) Define the density in (W9), which is proportional

to
∏

i′∈S j\{i}
mfj→θ i′ (θi′ )mθ i′→ fj (θi′ ). (2)

(b) Update the factor-to-variable messagemfj→θ i
(θi) by

(W8), which we repeat for convenience, again using
S j in place of “neighbors( j)”:

mfj→θ i
(θi)←−∝ exp

[
E fj→θ i

{
log f j(θS j )

}]
, (3)

where the expectation is with respect to the density
in (2).

Themessages on the right-hand side of (1) emanate from fac-
tors other than fj, and thus are not updated within the current
step of the loop over j. Therefore, the density (2) is unchanged
if we substitute the right-hand side of (1) formθ i′→ fj (θi′ ) in (2).
Doing so renders the first subloop redundant, so that a single
iteration of VMP can be rewritten in the following mathemati-
cally equivalent form.

Loop B. For j = 1, . . . ,N:
For each i ∈ S j,
(a) Define the density proportional to

∏

i′∈S j\{i}

⎡

⎣mfj→θ i′ (θi′ )
∏

j′ ̸= j:i′∈S j′

mfj′→θ i′ (θi′ )

⎤

⎦

=
∏

i′∈S j\{i}

∏

j′ :i′∈S j′

mfj′→θ i′ (θi′ ). (4)

(b) Update the factor-to-variable message mfj→θ i
(θi) using

(3), with the expectation takenwith respect to the density
in (4).

If the jth factor depends on more than two of the θi (i.e.,
|S j| > 2) then Loop Amay save some computation by perform-
ing themultiplication (1) just once, whereas Loop Bmust do the
same multiplication, in (4), |S j|− 1 times. We suspect the sav-
ings would typically be small, since |S j| ≤ 2 for most j and the
multiplication reduces to the summing natural parameters (see
Section 4). At any rate, the conceptual simplicity that Loop B
achieves by doing away with variable-to-factor messages will
facilitate our development in Sections 3 and 4.

Factor-to-variable messages. As Wand notes, in MFVB we
seek component densities q∗1(θ1), . . . , q∗N (θN ) (here and below,
unlikeWand, we include subscripts for these densities) such that
q∗(θ) =

∏M
i=1 q∗i (θi) minimizes the Kullback–Leibler diver-

gence KL[q∥p(·|D)] =
∫
q(θ) log

[ q(θ)

p(θ|D)

]
dθ over all product

densities q(θ) =
∏M

i=1 qi(θi). By (W10), in the VMP implemen-
tation of MFVB, we have

q∗i (θi) ∝
∏

j:i∈S j

m fj→θ i
(θi) (5)

upon convergence. Alternatively, one can view q∗1(θ1), . . . ,
q∗M(θM ) as quantities that are being updated throughout the
iterative algorithm (Minka 2005 does this). We can then view
the factor-to-variable messages as (proportional to) iteratively
updated subcomponent densities, where component q∗i (θi) is
divided into subcomponents for each factor fj of which θi is an
argument.

To summarize: we understand the variable-to-factor mes-
sages as a bookkeeping device with no independent statistical
meaning, such that VMP can be formulated without them; and
we interpret the factor-to-variable messages as factor-specific
subcomponents of each component density as in (5). One could,
then, jettison the message passing metaphor altogether, and
replace the notationmfj→θ i

(θi) by q
fj
i (θi) or q

j
i (θi).

3. Relating VMP to Traditional MFVB

We can now answer Question 2 posed in the Introduction.
As explained in, for example, Ormerod and Wand (2010)
and Goldsmith, Wand, and Crainiceanu (2011), the tradi-
tionalMFVB algorithm initializes q∗1(θ1), . . . , q∗M(θM ) and then
updates these iteratively via coordinate descent steps

q∗i (θi)←−∝ exp

⎡

⎣
∫

log{p(θ,D)}
∏

i′ ̸=i

{q∗i′ (θi′ )dθi′}

⎤

⎦ (6)

for i = 1, . . . ,M.
By (5), (4) reduces to

∏
i′∈S j\{i} q

∗
i′ (θi′ ), and thus the VMP update

(3) can be rewritten as

mfj→θ i
(θi)←−∝ exp

⎡

⎣
∫

log{ fj(θS j )}
∏

i′∈S j\{i}
{q∗i′ (θi′ )dθi′}

⎤

⎦ .

(7)

This is a factor-specific analogue of the usual MFVB update (6):
the ith component q∗i (θi) is replaced by its jth-factor-specific
subcomponent mfj→θ i

(θi), the joint density p(θ,D) by its jth
factor fj(θS j ), and the product of q∗i′ (θi′ )dθi′ over all i′ ̸= i by one
restricted to those in S j (this last is not a real difference, since
taking the product over all i′ ̸= i in (7) would be equivalent).

The traditional MFVB algorithm cycles over all i (the vari-
ables) to update the component densities. VMP, on the other
hand, cycles over j (the factors), and within each factor, cycles
over i ∈ S j to update subcomponent densities.

4. Reduction to Natural Parameter Updates

We now turn to Question 3. Throughout his Sections 3 and
4, Wand exploits conjugacy (as defined for factor graphs in
Section 3.2.2) to simplify a number of special cases of the VMP
algorithm, and in particular, to reduce updates (W7)–(W9) for
the messages to updates for the natural parameters of the mes-
sages. The following is our attempt tomake explicit whatWand’s
treatment assumes implicitly.

In the exponential family case, it is natural to write the factor-
to-variable messages in the form

mfj → θi(θi) ∝ exp
[
Ti(θi)Tη fj→θ i

]
(8)
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for a natural parameter η fj→θ i
. But since these messages are not

really defined—only their updates are, by (3)—there is a hint of
vagueness in the definition of η fj→θ i

. It seems to us that the key
to avoiding such ambiguity is to start by defining the jth factor
density as an exponential family density respect to θi, for each
i ∈ S j: namely

fj(θS j ) ∝ exp
[
Ti(θi)Tη fj\θ i

]
, (9)

where η fj\θ i
does not depend on θi. For instance, consider the

factor fj(σ 2, a) = p(σ 2|a) inWand’s linear regression example.
In Section S.2.1 of the supplement, the logarithm of this factor
is written in the two forms:

log p(σ 2|a) = T (σ 2)Tηp(σ 2|a)\σ 2 = T (a)Tηp(σ 2|a)\a

where T (·) denotes the inverse chi-squared sufficient statistic
vector,

ηp(σ 2|a)\σ 2 =
[
−3/2
−1/(2a)

]
, and ηp(σ 2|a)\a =

[
−1/2
−1/(2σ 2)

]
.

(10)

Inserting (9) into (the log of) (3) yields

logmfj→θ i
(θi)←− E fj→θ i

[
log fj(θS j )

]
+ constant

= Ti(θi)TE fj→θ i
(η fj\θi ) + constant.

This update equation serves as the justification both for writ-
ing factor-to-variable messages in the form (8) and for updating
their natural parameters by

η fj→θ i
←− E fj→θ i

(η fj\θ i
). (11)

The density in Loop A is proportional to (2), which can be
expressed as

∏

i′∈S j\{i}
exp

[
Ti′ (θi′ )T (η fj→θi′

+ ηθi′→ fj )
]

=
∏

i′∈S j\{i}
exp

[
Ti′ (θi′ )Tη fj↔θi′

]
, (12)

with η fj↔θi′
generalizing the notation that first appears in (W22).

Eliminating variable-to-factormessages as in LoopB above, (12)
becomes

∏

i′∈S j\{i}
exp

⎡

⎣Ti′ (θi′ )T
∑

j′ :i′∈S j′

η f j′→θi′

⎤

⎦ (13)

(cf. (4)). If, as suggested in Section 3 above, q∗i′ (θi′ ) is defined
using (5) throughout the iterations rather than just at conver-
gence, then (13) can be rewritten as

∏

i′∈S j\{i}
exp[Ti′ (θi′ )Tηq∗i′ (θi′ )

].

This obviates the need for the notation η fj↔θi′
, which is equiva-

lent to ηq∗i′ (θi′ )
.

We can thus summarize the natural-parameter-updating ver-
sion of VMP as follows. First, we must obtain the right side of
(11), a function of {ηq∗i′ (θi′ ) : i

′ ∈ S j\{i}}, for each i, j. Then, after

Table . Factor-to-variable message natural parameters for the linear regression
example of Wand’s Section .

p(β) p(y|β, σ 2) p(σ 2|a) p(a)

β ηp(β)→β ηp(y|β,σ 2 )→β ηq∗(β)

σ 2 ηp(y|β,σ 2 )→σ 2 ηp(σ 2|a)→σ 2 ηq∗(σ 2 )
a ηp(σ 2|a)→a ηp(a)→a ηq∗(a)

initializing all the natural parameters η fj→θ i
, each iteration of the

algorithm is a modified, more concrete version of Loop B:
Loop C. For j = 1, . . . ,N:
For each i ∈ S j,
(a) Compute ηq∗i′ (θi′ )

=
∑

j′ :i′∈S j′
η f j′→θi′

for each i′ ∈ S j\{i};
(b) Plug these into the right side of (11) to update ηfj→θ i

.

5. Bayesian Linear Regression Revisited

The remarkably simple Loop C can be visualized using a less
snazzy alternative to a factor graph: an N ×M table of natural
parameters for the factor-to-variable messages, with a row for
each of the variables θ1, . . . , θN and a column for each of the
factors f1, . . . , fM . Table 1 illustrates this for the linear regres-
sion example of Wand’s Section 3 (here, like Wand, we dispense
with the subscripts in q∗i ).

In this case, only the second and third columns require
updates (see (W21)), so each iteration consists of updating these
two columns in turn. Consider updating the third column, that
is, the natural parameters for the messages from p(σ 2|a) to
σ 2 and a. By (11), these updates are expectations of (10) with
respect to densities proportional to (13); formulas for these
expectations are as given in (W24), using information inWand’s
Table S.1. Given these update formulas, in Loop C we simply
add the natural parameters in the third row of Table 1 and insert
the result (ηq∗(a), or ηp(σ 2|a)↔a in Wand’s notation) into the for-
mula for ηp(σ 2|a)→σ 2 to update this natural parameter; and then,
similarly, we add up the natural parameters in the second row
of Table 1 and insert the result into the formula for updating
ηp(σ 2|a)→a.

6. Summary and Conclusion

In this comment, we have sought to build on the pedagogi-
cal component of Wand’s achievement: that is, rendering VMP
intelligible to statisticians who, like us and unlike Wand, have
not spent years painstakingly reformulating and extending the
methodology. Our main proposal, Loop B, is a modified VMP
algorithm that is equivalent to the original, mathematically
if not computationally, but does away with the variable-to-
factor messages. This modification offers a reduced notational
load, a clearer connection to the traditional implementation of
MFVB, and a streamlined account of the reduction from mes-
sage updates to natural parameter updates.

Of course, while explaining VMP to statisticians is an impor-
tant contribution in itself, Wand has gone a great deal further.
He has masterfully laid the groundwork for VMP-based semi-
parametric regression, which should be a huge step forward for
flexible modeling with large datasets. Good on him (as they say
Down Under) for this major contribution. We look forward to
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further advances in this area by Wand and coworkers, and by
others who will draw inspiration from this landmark article.
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Comment

Simon N. Wood

School of Mathematics, University of Bristol, Bristol, United Kingdom

MattWand’s article represents a very substantial contribution to
themethods available for Bayesian inference with semiparamet-
ric models. The implicit focus on models for grouped data with
large numbers of group and/or subject specific smooth effects is
particularly welcome, and nicely complements the major alter-
native simulation-free approach to fully Bayesian inference with
large models of Rue, Martino, and Chopin (2009, INLA), where
the focus is onmodels that are large because of high-rank spatial
fields. INLA andVMP share the property of being computation-
ally feasible for much bigger problem sizes than are readily tack-
led using stochastic simulation, at the expense of approxima-
tions that are typically very accurate. For both approaches, effi-
cient computation rests on the exploitation of model sparsity, as
is generally the case formethods for inferencewith largemodels.

Indeed if we recognize the centrality of sparsity then a
very simple approach to approximate inference with some very
large semiparametric models is possible. In particular, con-
sider an empirical Bayes approach using sparse matrix methods
(e.g., Davis 2006) and the generalized Fellner–Schall smoothing
parameter estimation algorithm of Wood and Fasiolo (2017). A
concrete example is the following regression model:

yi = α + f1(x1i) + f2(x2i) + fa(i)(z1i)
+ fb(i)(z2i) + fs(i)(z3i) + ϵi,

CONTACT Simon N. Wood simon.wood@bath.edu School of Mathematics, University of Bristol, Tyndall Ave, Bristol BS TH, United Kingdom.

where the f· are all smooth functions, the x j and z j are covari-
ates, and s(i) indicates the subject to which the ith observation
belongs. Furthermore, with each subject is associated one level
of each of the two crossed factors a and b: a(i) and b(i) indi-
cate the levels of a and b associated with observation i. In the
example below we assume that there are 10,000 subjects and
that a and b have, respectively, 30 and 20 levels. Each subject
has measurements at 90 values of the covariates, and the smooth
functions are each represented with rank 10 spline bases. So the
model has 10,052 smooth functions, 100,521 coefficients, and
there are 900,000 observations. Five smoothing parameters were
used, one each for f1 and f2, one for the 30 fa smooths and so
on. For comparison, this model has around 10 times as many
coefficients and 10 times as many data as the models referred to
in sec. 6, from Lee and Wand (2016).

We can write the model as y = Xβ + ϵ and estimate the
coefficients to minimize the penalized least-square objective
∥y − Xβ∥2 + λ jβ

TSλβ, where Sλ =
!

j λ jS j. Formally the
penalized least-square estimates are then β̂ = (XTX +
Sλ)
−1XTy. If X were a dense matrix, the computations

would be infeasible, but for examples like the one given X
and XTX + Sλ are in fact highly sparse. This means that we
can solve for β̂ using the sparse Cholesky decomposition
LTL = P(XTX + Sλ)PT, where P is a pivoting matrix, designed

©  American Statistical Association
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to ensure that L is sparse (for efficiency reasons the pivoting
matrix is never formed explicitly). Then β̂ = PTL−1L−TPXTy,
that is, a computation involving two sparse triangular solves
and two pivoting operations (see Davis 2006, for details).

The extended Fellner–Schall algorithm of Wood and Fasi-
olo (2016) provides a way of iteratively updating the smoothing
parameters tomaximize the restrictedmarginal likelihood of the
model based on an explicit formula, which, crucially, maintains
sparsity of the computations. Updates are possible for models
with any Fisher regular likelihood, but in the current context the
update is

λ∗j = σ 2 tr(S
−
λ S j)− tr{(XTX + Sλ)

−1S j}

β̂
T
S jβ̂

λ j.

S−λ is a pseudoinverse of Sλ, and for a sparse block diagonal Sλ

(as in the example model), tr(S−λ S j) is efficiently computable. In
fact for the example model itself, where no term has more than
one associated smoothing parameter, tr(S−λ S j) = rank(S j)/λ j.
The term tr{(XTX + Sλ)

−1S j} is the sum of squares of the
elements of the matrix B where B = L−TPD j (i.e., the result
of a sparse triangular solve and a permutation), and D j is
any sparse matrix such that D jDT

j = S j. D j can readily be
created alongside S j. Note that tr{(XTX + Sλ)

−1XTX} = p−!
j λ jtr{(XTX + Sλ)

−1S j} gives the model effective degrees of
freedom, which is useful for estimating σ 2. To estimate the
whole model requires iteratively computing β̂ given λ̂, and then
updating λ̂ given the current β̂. The results are illustrated in
Figure 1. For the example, model setup and estimation took
less than 5 min on an old mid-range laptop (i7-3540M 3GHz),
with a memory footprint of less than 3Gb. Setup used pack-
age mgcv and computation the Matrix package (both recom-
mended packages in R, R Core Team 2014).

Notice that the method generalizes immediately to large
semiparametric GLMs: we simply require the usual GLM diag-
onal iteratively updated weight matrix so that XTX becomes
XTWX, while y is replaced by the usual weighted iteratively
updated pseudodata. In fact, generalizing to any regular like-
lihood that can be estimated by iteratively reweighted least
squares is possible, as is further extension to models such as the
GAMLSS class of Rigby and Stasinopoulos (2005). Note also that
the method can deal with any smooth or random effect with a
linear basis expansion where the penalty/precisionmatrix is lin-
ear in the smoothing/variance parameters.

The standard Bayesian interpretation of smoothing implies
that β|y ∼ N(β̂, (XTX + Sλ)

−1σ 2), but (XTX + Sλ)
−1 =

PTL−1L−TP, and L−T is sparse and cheap to compute. This spar-
sity is not inherited by L−1L−T, but that is no bar to computing
the marginal posterior distribution of any quantity dependent
on β. In general, if c = Cβ, then the variances of the elements
of c are the sums of squares of the rows of CPTL−1: this covers
contrast curves, like those given in Figure 7 of Matt Wand’s arti-
cle, for example. The restriction tomarginal posterior inference
is shared with INLA, but not by VMP. Beyond the Gaussian
case, the posterior for the method suggested here is a large
sample approximation and will typically be less accurate than
INLA or VMP, especially when the number of observations per
group is small. Similarly such a simple empirical Bayes method
cannot capture smoothing parameter uncertainty, nor deal with
the more complex hierarchical model structures that VMP can
tackle.

Generally then, sparsity will surely be the key to semipara-
metric big model inference in the future. And in particular,
the potential for speed, accuracy, and generality that the VMP
approach offers mean that there are good reasons to look for-
ward with excitement to the arrival of the general purpose soft-
ware that will surely follow Matt Wand’s foundational article.

Figure . Results from fitting the 105 coefficient semiparametric model example from the text to .M simulated data. The fit took less than min and used less than Gb of
memory on a rathermodest laptop computer. Top left shows a %random sample of fitted values against simulation truth. Themiddle and right panels show the true f1 and
f2 (gray) plus their estimates (black) with confidence intervals (dashed). The lower leftmost panel shows the  true functions and their estimates for the levels of crossed
factor a. The middle lower panel is the same for crossed factor b. The lower right panel shows a % random sample of the subject-specific curves and their estimates. For
this simulation, the error standard deviation was ..
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1. Mean Field Variational Bayes Iterative Scheme
Variants

For a given model and dataset, the overarching goal is to mini-
mize the Kullback–Leibler divergence of the joint posterior den-
sity function from the q-density function subject to a partic-
ular product restriction. This is mean field variational Bayes
(MFVB). Apart from the traditional iterative scheme, listed as
Algorithm 1 of Ormerod and Wand (2010), there were at least
three other alternative MFVB iterative schemes in existence
before this discussion took place—given in Winn and Bishop
(2005), Minka (2005) and Minka and Winn (2008) under the
label of variational message passing (VMP). It could be argued
that there is no need for another term (and another acronym)
and all approaches are just iterative scheme variants of MFVB.
After all, the related approximation approach known as expec-
tation propagation only has one name regardless of the iterative
scheme used to obtain its version of optimal q-densities.

The comment of Reiss andGoldsmith offers twomoreMFVB
iterative scheme variants: one without stochastic node to factor
messages (Loop B) and one with factor to stochastic node mes-
sages replaced by factor-specific subcomponents at the end of
their sec. 2. These variants provide interesting enlightenment
regarding VMP-type approaches to MFVB. Nevertheless, their
commentmakes nomention of the arbitrarily largemodel view-
point and compartmentalization of MFVB iterations via factor
graph fragments, which is the main point ofWand (2017). Their
claim that one could “jettison the message passing metaphor
altogether” is made in the context of MFVB/VMP for a fixed
factor graph. But the more relevant issue is whether this MFVB
iterative scheme variant allows for compartmentalization of the
algebra and computing in the same way that the Minka (2005)
approach does. Put another way, can sec. 4.1 and 5.1– 5.3 of

CONTACT M. P. Wand matt.wand@uts.edu.au School of Mathematical and Physical Sciences, University of Technology Sydney, P. O. Box , Broadway ,
Australia.

Wand (2017) be reexpressed in terms of factor-specific subcom-
ponents with compartmentalization preserved?

2. Exponential Family Density Functions and
Conjugacy

There is no doubt that exponential family density functions and
conjugacy play an important role in practical MFVB/VMP. Dis-
cussion and additional insight on this aspect appears in the com-
ments of Reiss andGoldsmith, Tran andBlei, andTu. Each of the
fragments presented in sec. 4 of Wand (2017) involve exponen-
tial family density functions and conjugate sub-graphs.

Nevertheless, exponential density functions and conjugacy
are not intrinsic to MFVB/VMP. Equations (7)– (9) of Wand
(2017) apply to messages of any form and can be used to
compartmentalize MFVB iterative schemes for more elabo-
rate model components such as Negative Binomial and t-
distribution likelihoods and non-Gaussian penalization of ran-
dom effects. Current work with Matt McLean is concerned with
fragments for elaborate distribution likelihoods. It will allow
for the replacement of updates presented in sec. 4.1.5 of Wand
(2017) for Gaussian likelihood semiparametric regression mod-
els with similar models having other likelihoods. As with the
fragments in Wand (2017), the forthcoming McLean andWand
fragment updates only need to be implemented once within a
VMP software project.

3. Distributed Computing

The comments of Reiss and Goldsmith and Tran and Blei
include discussion on distributed computing. I was fascinated to
read about Pearl (1982), which demonstrates that ideas such as

©  American Statistical Association
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asynchronous updating for inference in large Bayesian networks
go back at least 35 years.

As mentioned in sec. 1 of Wand (2017), Luts (2015) devel-
oped an approach to semiparametric regression on distributed
datasets usingMFVB approximate inference. Expectation prop-
agation approaches to semiparametric regression and related
models have also received significant attention recently, with
distributed computing being one of the driving forces. Inter-
esting yet-to-be-published work on this front includes Gelman
et al. (2014), described in the Tran and Blei comment, and Kim
andWand (2017).

4. Accuracy/Speed Trade-Offs

Wand (2017) is on the interface between statistics and computer
science and inevitably gets caught up in differing philosophies of
these areas. One point of contention involves trade-offs between
accuracy and speed. Biostatistician Tu says “it seems reasonable
to demand a more detailed understanding of VMP’s capacity
for valid inference” and “inference is what science demands. A
proven ability to produce valid inference is always expected of
a new method,” while computer scientists Tran and Blei say “we
need algorithms along the frontier, where a user can explicitly
define a computational budget and employ an algorithm achiev-
ing the best statistical properties within that budget” in accor-
dance with the recent statistics journal article, Jordan (2013),
that advocates the incorporation of runtime into statistical risk
measures. My work on fast approximate inference is driven by
the belief that as the sizes of datasets and models continue
to grow, alternatives to accurate but computationally intensive
approaches are useful. Examples include applications for which
interpretation matters more than valid inference, applications
where speed is paramount, the problemof sifting through a large
set of candidate models and experimental design. For the last of
these, Ryan et al. (2016) is a recent review article with somemen-
tion of MFVB.

More than 30 years ago statisticians Breiman et al. (1984)
developed classification and regression trees. It has since become
a mainstay in business analytics and many other applica-
tions due to its speed, ability to handle messy data and
interpretability—despite it lacking a proven ability to produce
valid inference. Do all of the semiparametric regression meth-
ods that Tu uses in his impressive biomedical research have a
proven ability to produce valid inference? In 30 years from now,
will biomedical researchers be able to afford such a restriction to
make the best use of the very large amounts of data at their dis-
posal? Despite its imperfections, variational inference is a prin-
cipled and versatile paradigm that can be of great use for con-
fronting upcoming deluges of data.

There is scope for improvements in the accuracy of VMP.
Section 5.1 of Knowles and Minka (2011) describes two alter-
natives to the Jaakkola-Jordan device for the logistic likelihood
fragment that can lead to more accurate inference, as demon-
strated by their Figure 1. One of them is simply the Knowles–
Minka–Wand updates given in sec. 5.3 of Wand (2017) but
with the Poisson likelihood replaced by its logistic counterpart.
Current work with Tui Nolan is concerned with addressing
numerical issues that arise with these more accurate logistic

likelihood fragments and describing them within the Wand
(2017) framework.

5. Model Sparsity

I agree with Wood that model sparsity and sparse matrix
methods are very important for semiparametric regression as
datasets and models continue to grow in size. As mentioned in
Wand (2017), sparse matrix-type refinement (referred to there
as matrix algebraic streamlining) of the fragment updates rel-
evant to grouped data is still required for efficient handling
of large longitudinal and multilevel datasets. This is a tedious
endeavor and lacking in statistical glamor, which can make
publication in good statistics journals more challenging. I am
grateful to Simon Wood and co-authors for their continual
recognition of the importance of numerical analysis in practical
semiparametric regression and the solutions provided in their
several articles and software such as the mgcv package (Wood
2016) in Wood and Fasiolo (2016) is the latest in an impressive
sequence of contributions of this type.

6. Software

Tu, Tran and Blei and Wood each mention software. As dis-
cussed in Wand (2017) there is already one software prod-
uct, Infer.NET, that uses VMP for fast approximate inference. A
newer one is BayesPy (Luttinen 2016) for the Python computing
environment. The niche that Wand (2017) endeavors to carve
out stems from the fact that general purpose software products
are limited in terms of how well they handle specific classes of
models. Wand (2017) explained the ideas of VMP in statistical
contexts and introduces factor graph fragments for arbitrarily
large models. It puts this still very young methodology into the
hands of statistical programmers whowant to develop their own
suite of programs for carrying out fast approximate inference for
models relevant to their particular data analytic problems. In the
case of my main area of research, semiparametric regression,
there is enormous potential for software packages that allow
large models to be fit quickly to massive datasets. In Lee and
Wand (2016a, 2016b), we show how MFVB for large longitu-
dinal and multilevel semiparametric regression analysis can be
optimized for speed by streamlining thematrix algebra, and this
work can be transferred to the VMP framework. As mentioned
by Tran and Blei, parallelization of the required computations is
also a possibility.
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