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1. Derivation of optimal q∗ densitites

To find optimal densities for each part of the factorisation of q(θ) we use the following result.

q∗i (θi) ∝ exp{E−θi [log p(y, θ)]}

(1.1)

For the MGLMM presented in the main manuscript, we have

E−θi [log p(y, θ)] = E−θi [log p(y, |β,u,Σε)] + E−θi [log p(β,u|ΣR)] + E−θi [log p(ΣR|a1, . . . , aq)]

+

q
∑

k=1

E−θi [log p(ak)] +

Rc
∑

r=1

{

E−θi

[

log p(σ2
εr |aεr )

]

+ E−θi [log p(aεr )]
}

1.1 Derivation of q∗(σ2
ǫr)

We require for each r = 1, . . . , Rc

E−σ2
ǫr
[log p(y, θ)] = E−σ2

ǫr
[log p(y, |β,u,Σε)] + E−σ2

εr
[log p(σ2

εr |aεr )] + const

= −
1

2
E−σ2

εr
[log |Σε|]−

1

2
E−σ2

εr
[(y −Cν̃)TΣ−1

ε (y −Cν̃)]−
3

2
log σ2

εr

−
1

σ2
εr

E−σ2
εr
[1/aεr ] + const

= −

(

1
2 (‖yr −Crµq(βr ,ur)‖

2 + tr[CT
r CrΣq(βr ,ur)]) + µq(1/aεr )

σ2
εr

)

{

−
1

2

(

m
∑

i=1

nir + 1

)

− 1

}

log σ2
εr + const

Here, the subscript r denotes the rows of the overall model relevant to the rth continuous lon-

gitudinal marker. Hence, q∗(σ2
εr) is an inverse-Gamma(1/2(

∑m
i=1 nir + 1), Bq(σ2

εr
)) distribution

with

Bq(σ2
εr

) = µq(1/σ2
εr)

+
1

2

{

||yr − Crµq(βr ,ur)||
2 + tr(CT

r CrΣq(βr,ur))
}
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1.2 Derivation of q∗(aεr)

We require for each r = 1, . . . , Rc,

E−aεr
[log p(y, θ)] = E−aεr

[log p(σ2
εr |aεr )] + E−aεr

[log p(aεr )] + const

= −2 log aεr −

(

E−aεr
[ 1
σ2
εr

] +A−2
εr

)

aεr
+ const

Hence q∗(aεr) is an inverse-Gamma(1, Bq(aεr)) distribution with

Bq(aεr) = µq(1/σ2
εr)

+A−2
εr .

1.3 Derivation of q∗(ak)

We require for each k = 1, . . . , q,

E−ak
[log p(y, θ)] = E−ak

[log p(ΣR|a1, . . . , aq)] + E−ak
[log p(ak)] + const

= −
(ν + q + 2

2
log(ak)−

E−ak
[ΣR]kk +A−2

k

ak
+ const

= −
(ν + q + 2

2
log(ak)−

νMq(Σ−1
R )kk

+A−2
k

ak
+ const

So q∗(ak) is an inverse-Gamma(1/2(ν + q), Bq(ak)) with

Bq(ak) = νMq(Σ−1
R )kk

+A−2
k .
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1.4 Derivation of q∗(ΣR)

We require

E−ΣR [log p(y, θ)] = E−ΣR [log p(u|ΣR)] + E−ΣR [log p(ΣR|a1, . . . , aq)] + const

= −
(m+ ν + 2q)

2
log |ΣR| −

1

2
E−ΣR [u

T (Im ⊗Σ−1
R )u]

− E−ΣR [
1

2
tr(2νdiag{1/a1, . . . , 1/aq}Σ

−1
R )] + const

= −
1

2
tr

({

m
∑

i=1

(µq(ui)µ
T
q(ui)

+Σq(ui)) + 2νdiag(µq(1/a1), . . . , µq(1/aq))

}

Σ−1
R

)

−
(m+ ν + 2q)

2
log |ΣR|+ const

Hence q∗(ΣR) is an inverse-Wishart(ν + q +m− 1, Bq(ΣR)) with

Bq(ΣR) =

m
∑

i=1

(µq(ui)µ
T
q(ui)

+Σq(ui)) + 2νdiag(µq(1/a1), . . . , µq(1/aq))

1.5 Derivation of q∗(β,u)

When all of the longitudinal markers are continuous (and assumed Gaussian), it is relatively trivial

to show the q∗(β,u) is multivariate normal. However, once any of the longitudinal markers are

binary or counts (assumed to be Poisson), we can no longer obtain a nice distribution for q∗(β,u).

Instead we take the approach of Rohde and Wand (2016) and specify that

q∗(β,u, µq(β,u),Σq(β,u) ∼ N(µq(β,u),Σq(β,u))

in order to gain tractibility. By result 2 of Rohde and Wand (2016), the necessary updates for

µq(β,u)
and Σq(β,u) are

νq(β,u) ← Dµq(β,u)
Non Entropy(q, µq(β,u),Σq(β,u)

)T

Σq(β,u) ← −
{

Hµq(β,u)
Non Entropy(q, µq(β,u),Σq(β,u))

}

−1

µq(β,u) ← µq(β,u) +Σq(β,u)νq(β,u)
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where Dxf is the derivate vector of f with respect to x and Hxf is the Hessian matrix of f , the

second derivative with respect to x, and

Non Entropy(q, µq(β,u),Σq(β,u)) = Eq [log p(y, |β,u,Σε)] + Eq [log p(β,u|ΣR)]

= yTE[Σ−1
ε ]Cµq(β,u) − 1TE[Σ−1

ε ]Eq[b(Cν̃)] + 1TEq[c(y, φ)]

−
(p+mq)

2
log 2π −

1

2
Eq

[

log

∣

∣

∣

∣

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

∣

∣

∣

∣

]

−
1

2

{

µT
q(β,u)

[

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

]

µq(β,u)

+tr

([

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

]

Σq(β,u)

)}

(1.2)

in our case. See Rohde and Wand (2016) for a more general definition of non-entropy. In the fol-

lowing, we will make use of a change of variable. Note that by our specification,Cν̃ ∼ N(Cµq(β,u),CΣq(β,u)C
T ) =

N(µ, σ2). Then we define a new variable, x = (Cν̃ − µ)/σ, and we have that x ∼ N(0, 1). Then,

from 1.2, and using rules 3.3.6 and 3.3.2 of Wand (2002) we have that,

Dµq(β,u)
Non Entropy(q, µq(β,u),Σq(β,u)) = (y −Dµq(β,u)

{Eq[b(Cν̃)]})TE[Σ−1
ε ]C

− µT
q(β,u)

[

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

]

= (y − Ex[b
′(σx + µ)])TE[Σ−1

ε ]C− µT
q(β,u)

[

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

]

and

Hµq(β,u)
Non Entropy(q, µq(β,u),Σq(β,u)) = Dµq(β,u)

{

Dµq(β,u)
Non Entropy(q, µq(β,u),Σq(β,u))

T
}

= Dµq(β,u)

{

CTE[Σ−1
ε ](y − Ex[b

′(σx + µ)])

−

[

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

]

µq(β,u)

}

= −CTE[Σ−1
ε ]Dµq(β,u)

{Ex[b
′(σx + µ)]} −

[

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

]

= −CTE[Σ−1
ε ]Ex[diag(b

′′(σx+ µ))]C−

[

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

]
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Hence the Rohde and Wand updates for q∗(β,u) in the MGLMM defined in our paper are given

by

νq(β,u) ← CTE[Σ−1
ε ](y − Ex[b

′(σx+ µ)])−

[

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

]

µq(β,u)

Σq(β,u) ←

{

CTE[Σ−1
ε ]diagEx[b

′′(σx+ µ)]C+

[

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

]}−1

µq(β,u) ← µq(β,u) +Σq(β,u)νq(β,u)

It remains to define the cumulant functions and derivatives b(·), b′(·) and b′′(·) for each of

Gaussian, Poisson, and binary longitudinal markers. Note that the derivative b′(σx+ µ) is taken

with respect to (σx + µ). The chain rule is applied in the overall notation.

IfYr is a Gaussian marker, then b(σx+µ) = 1/2(σx+µ)2, and so Ex[b
′(σx+µ)] = σEx[x]+µ =

µ = Cµq(β,u), and Ex[b
′′(σx + µ)] = 1.

If Yr is a Poisson marker, then b(σx + µ) = b′(σx + µ) = b′′(σx + µ) = eσx+µ and so

Ex[b
′(σx + µ)] = Ex[b

′′(σx + µ)] = exp(Cµq(β,u) + 1/2diagonal(CΣq(β,u)C
T )).

If Yr is a binary marker, then b(σx + µ) = log(1 + eσx+µ). Defining expit(x) = logit−1(x) =

1/(1 + exp(−x)), we have that b′(σx + µ) = expit(σx + µ) and b′′(σx + µ) = b′(σx + µ)/(1 +

exp(σx + µ)). It then follows that

Ex[b
′(σx+ µ)] =

∫

∞

−∞

expit(σx+ µ)φ(x)dx = B0(µ, σ
2)

and with the help of integration by parts,

Ex[b
′′(σx + µ)] =

∫

∞

−∞

b′(σx+ µ)

(1 + exp(σx + µ))

=
1

σ

∫

∞

−∞

xexpit(σx+ µ)φ(x)dx

= B1(µ, σ
2)

Following Nolan and Wand (2017) we avoid quadrature routines by approximating B0(µ, σ
2) and

B1(µ, σ
2) using a weighted mixture of normal distribution using the Monahan-Stefanski weights
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with k = 8 mixture components. Nolan and Wand (2017) state that

B0(µ, σ
2) ≈

k
∑

i=1

pk,iΦ





µsk,i
√

1 + σ2s2k,i





B1(µ, σ
2) ≈ σ

k
∑

i=1

pk,isk,i
√

1 + σ2s2k,i

φ





µsk,i
√

1 + σ2s2k,i





In our case then the necessary MFVB updates are given by

Ω←
√

1n1
T
8 +CΣq(β,u)C

T (s2)T

B̃0 ← Φ

(

Cµq(β,u)s
T

Ω
p

)

B̃1 ←

{

φ

(

Cµq(β,u)s
T

Ω

)

/Ω

}

p⊙ s

The updates for each marker can be substituted back into the Rohde and Wand updates using

the relevant rows for each marker.

2. Streamlining

The updates for Σq(β,u) involve calculating the inverse of a large matrix. However, this matrix

has a block sparse structure, and we can utilise this structure, and matrix algebra results, in order

to streamline our algorithm, and make substantial speed gains. This streamlining procedure is

outlined in more detail in Lee and Wand (2016), and we just give the relevant details for our
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model here. The inverse of Σq(β,u) is arranged as follows.

Σ−1
q(β,u)

=

















F G1 . . . . . . Gm

GT
1 H−1

1 0 . . . 0
... 0

. . .
...

...
...

...
...

. . .
...

GT
m 0 . . . 0 H−1

m

















with F = XTE[Σ−1
ε ]diag{Ex[b

′′(σx + µ)]}X + σ−2
β Ip

Gi = XT
i E[Σ−1

εi ]diag{Ex[b
′′(σx + µ)]}iZi

Hi =
{

ZT
i E[Σ−1

εi ]diag{Ex[b
′′(σx+ µ)]}iZi +Mq(Σ−1

R )

}

µ = Cµq(β,u)

σ2 = CΣq(β,u)C
T

Using corollary 8.5.12 of Harville (2008), the inverse can be found as

Σq(β,u) =

[

Σq(β) Λq(β,u)

ΛT
q(β,u) Σq(u)

]

where Σq(β) =

(

F −

m
∑

i=1

GiHiG
T
i

)

−1

Λq(β,u) = −
[

Σq(β)G1H1, . . . ,Σq(β)GmHm

]

Σq(ui) = Hi +HiG
T
i Σq(β)GiHi

The updates involving Σq(β,u) can now be streamlined which largely involves many calculations

being performed only on blocks of the data containing the rows for a particular individual and

so substantially improves computation time. Specifically, simple algebraic manipulations result

in the updates for µq(β,u) and Bq(σ2
ǫr

) given in Algorithm 1 of our main manuscript. We can

also streamline the calculation of 1/2 log |Σq(β,u)| which occurs in the marginal log lower bound

log p(y, q), using Theorem 13.3.8 of Harville (2008).
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3. Derivation of a lower bound on the marginal log-likelihood

We control the convergence of our MFVB algorithm through monitoring the bound on the

marginal log-likelihood, log p(y, q). This is calculated as follows.

log p(y, q) = Eq[log p(y, θ) − log q(θ)]

= Eq[log p(yG|β,u,Σε)] + Eq[log p(yP |β,u)] + Eq[log p(yB |β,u)] + Eq[log p(β,u|ΣR)]

+ Eq[log p(ΣR|a1, . . . , aq)] +

Rc
∑

r=1

{

Eq[log p(σ
2
εr |aεr )] + Eq[log p(aεr )]

}

+

q
∑

k=1

Eq[log p(ak)]

− Eq[log q(β,u)]− Eq[log q(ΣR)]−

Rc
∑

r=1

{

Eq[log q(σ
2
ǫr)] + Eq[log q(aεr)]

}

−

q
∑

k=1

Eq[log q(ak)]

Here, we use yG, yP and yB to denote all the stacked Gaussian, Poisson and binary longitudinal

observations respectively. The number of observations of each type of marker are denoted by nG,

nP and nB respectively. We also make use of matrices E1, E2 and E3 as n×n diagonal matrices

with value 1 for rows corresponding to Gaussian, Poisson and binary markers respectively and

0 elsewhere. We now provide an expression for each part of log p(y, q) and then state the full
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expression.

Eq[log p(yG|β,u,Σε)] = −
nG

2
log(2π)−

1

2
Eq[log |Σε|]−

1

2
Eq[(y −Cν̃)TET

1 Σ
−1
ε E1(y −Cν̃)]

Eq[log p(yP |β,u)] = yTE2Cµq(β,u) − 1TE2 logy!− 1TE2 exp(Cµq(β,u) + 1/2diagonal(CΣq(β,u)C
T ))

Eq[log p(yB |β,u)] = yTE3Cµq(β,u) − Eq[1
TE3 log(1 + exp(Cν̃))]

Eq[log p(β,u|ΣR)] =
−(p+mq)

2
log(2π)−

1

2
Eq

[

log

∣

∣

∣

∣

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

∣

∣

∣

∣

]

−
1

2
Eq

[

ν̃T
[

σ−2
β Ip 0

0 Im ⊗ E[Σ−1
R ]

]

ν̃

]

Eq[log p(ΣR|a1, . . . , aq)] = − logCq,ν+q−1 +
ν + q − 1

2
Eq[log |2νdiag{1/a1, . . . , 1/aq}|]

−
ν + 2q

2
Eq[log |ΣR|]− νEq[tr(diag{1/a1, . . . , 1/aq}Σ

−1
R )]

Eq[log p(σ
2
εr |aεr )] = −

1

2
Eq[log(aεr )]− log Γ(1/2)−

3

2
Eq[log σ

2
εr ]− Eq[1/aεrσ

2
εr ]

Eq[log p(aεr )] =
1

2
log(A−2

εr )− log Γ(1/2)−
3

2
Eq[log aεr ]−A−2

εr Eq[1/aεr ]

Eq[log p(ak)] =
1

2
log(A−2

k )− log Γ(1/2)−
3

2
Eq[log ak]−A−2

k Eq[1/ak]

Eq[log q(β,u)] =
−(p+mq)

2
(1 + log(2π))−

1

2
log |Σq(β,u)|

Eq[log q(ΣR)] = − logCq,ν+q+m−1 +
ν + q +m− 1

2
Eq[log |Bq(ΣR)|]−

ν + 2q +m

2
Eq[log |ΣR|]

−
1

2
Eq[tr(Bq(ΣR)Σ

−1
R )]

Eq[log q(σ
2
εr)] =

1

2
(

m
∑

i=1

nir + 1)Eq[logBq(σ2
εr)

]− log Γ(1/2(

m
∑

i=1

nir + 1))

−

{

1

2
(

m
∑

i=1

nir + 1) + 1

}

Eq[log σ
2
εr ]− Eq

[

Bq(σ2
εr)

σ2
εr

]

Eq[log q(aεr)] = Eq[logBq(aǫr)]− log Γ(1)− 2Eq[log aεr ]− Eq

[

Bq(aεr)

aεr

]

Eq[log q(ak)] =
1

2
(ν + q)Eq[logBq(ak)]− log Γ(1/2(ν + q))− (1/2(ν + q) + 1)Eq[log ak]

− Eq

[

Bq(ak)

ak

]

In the above, Cd,A is the normalising factor for the inverse-Wishart distribution given by

Cd,A = 2Ad/2πd(d−1)/4
d
∏

i=1

Γ

(

A+ 1− i

2

)

.
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After evaluation of the expectations, and cancellation, we arrive at the expression for the lower

bound on the marginal log-likelihood,

log p(y, q) =
p+mq

2
− nG log 2π − logCq,ν+q−1 + logCq,ν+q+m−1

− (Rc + q/2) logπ + q log Γ(1/2(ν + q))−
p

2
log(σ2

β) +
q(ν + q + 1)

2
log 2ν

+ 1/2 log |Σq(β,u)|+ yTE2Cµq(β,u) − 1TE2 logy!

− 1TE2 exp(Cµq(β,u) + 1/2diagonal(CΣq(β,u)C
T ))

+ yTE3Cµq(β,u) − 1TE3B̃0 −
(ν + q +m− 1)

2
log |Bq(ΣR)| −

1

2σ2
β

(µT
q(β)µq(β) + tr(Σq(β)))

+

Rc
∑

r=1

{

log Γ(1/2(
m
∑

i=1

nir + 1))− logAεr−1/2(
∑m

i=1 nir+1) logBq(σ2
εr )−Bq(aεr )+µq(1/aεr )µq(1/σ2

εr )

}

+

q
∑

k=1

{

νMq(Σ−1
R )kk

µq(1/ak) − logAk −
1

2
(ν + q) logBq(ak)

}

4. Additional simulation details

The final part of this supplement presents some accuracy results from the simulation study.

The main manuscript presents the accuracy for the case where there are m = 100patients. In

the supplement, Figures 4 and 4 report the accuracy for the simulations with m = 1000 and

m = 10, 000 individuals respectively.
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Fig. 2. Accuracy scores for mean field variational Bayes compared to MCMC for simulated datasets with
3 continuous longitudinal markers (top panel) and 3 types of markers (bottom panel) in the simulation
with m = 10000 individuals
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Fig. 3. Accuracy scores for mean field variational Bayes compared to MCMC for simulated datasets with
3 continuous longitudinal markers and m = 1000 individuals. The MCMC posteriors are shown by the
blue densities, whilst the MFVB posterior densities are in orange. True values are shown by the green
vertical line.
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Fig. 4. Accuracy scores for mean field variational Bayes compared to MCMC for simulated datasets with
one continuous, one binary and one Poisson longitudinal marker and m = 1000 individuals. The MCMC
posteriors are shown by the blue densities, whilst the MFVB posterior densities are in orange. True values
are shown by the green vertical line.
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Fig. 5. Model results for a 10 marker multivariate generalised linear mixed model in the primary biliary
cirrhosis data. Panel (a) shows the accuracy heat maps of the MFVB fixed effects estimates and residual
standard deviations (compared to the MCMC estimates), (b) shows the accuracy of the MFVB random
effects covariance matrix (compared to the MCMC estimates), and (c) shows the implied matrix of
correlations between the 10 longitudinal markers calculated using MFVB.
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