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ADDITIVE MODELS WITH PREDICTORS
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Summary

This paper develops a likelihood-based method for fitting additive models in the presence
of measurement error. It formulates the additive model using the linear mixed model rep-
resentation of penalized splines. In the presence of a structural measurement error model,
the resulting likelihood involves intractable integrals, and a Monte Carlo expectation max-
imization strategy is developed for obtaining estimates. The method’s performance is
illustrated with a simulation study.

Key words: Metropolis–Hastings; mixed models; Monte Carlo expectation maximization; nested
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1. Introduction

Additive models are multi-predictor regression models that assume little more than ad-
ditivity. Their advantage over ordinary regression models is that the functional form of con-
tinuous predictors is not restricted to be in a parametric family and therefore is more flexible.

For regression models in general it is well established that measurement error in a predic-
tor distorts its estimated relationship to the response (e.g. Fuller, 1987 Chapter 1). A number
of studies have devised schemes for redressing this situation for parametric regression models
(e.g. Carroll, Ruppert & Stefanski, 1995; Spiegelman, Rosner & Logan, 2000) and single-
predictor non-parametric models (Fan & Truong, 1993; Carroll, Maca & Ruppert, 1999; Berry,
Carroll & Ruppert, 2002; Staudenmayer & Ruppert, 2004). However, to our knowledge, there
is no available methodology for handling measurement error in additive models.

Carroll et al. (1999) formulated and compared several estimators that have small, per-
sistent, asymptotic biases but perform quite well in simulations. These estimators address
the covariate measurement error with either simulation extrapolation or extended regression
calibration, and they use penalized splines or local linear regression for the non-parametric
estimation. Berry et al. (2002) proposed Bayesian estimation methods for this problem, and
their simulations indicate improvements over the methods of Carroll et al. (1999).
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In this paper we exploit connections between penalized spline smoothing and likelihood-
based mixed models (e.g. Ruppert, Wand & Carroll, 2003). With this approach the additive
model extension is straightforward, so we work at this level of generality. The measure-
ment error structure involves adjustment of the likelihood, although the resulting likelihood
function is intractable. We overcome this problem using a nested Monte Carlo expectation
maximization (MCEM) algorithm (Wei & Tanner, 1990; Smyth, 1996; van Dyk, 2000).

Although our paper focuses on smoothing, our methods generally apply to linear mixed
models of the form y = Xβ + Zb + ε where b and ε are multivariate normally distributed
random vectors and the matrices X and Z both have mismeasured components. We believe
that these are the first methods to generally address the case when the random effect’s covari-
ates (Z) have measurement error. The case when only X is allowed to be mismeasured is
addressed in Buonaccorsi, Demidenko & Tosteson (2000) for instance.

In Section 2 we give the model formulation and likelihood function, and review briefly
the connections between penalized spline smoothing and likelihood based mixed models.
Section 3 describes the estimation scheme. Section 4 illustrates our approach, through a sim-
ulation study and an application of the method to air pollution or mortality data. We conclude
with some discussion and mention of extensions in Section 5.

2. Formulation

Let y be an n × 1 vector of responses, and x1, . . . , xd be n × 1 vectors of predictors
for which the Gaussian additive model,

y = β01 +
d∑

j=1

mj (xj) + ε , ε
d= Nn(0, σ2

ε I ) ,

is reasonably assumed. The mj are general smooth functions, modelled through the mixed

model formulation of penalized regression splines: mj (xj) = βjxj + ∑Kj

k=1 b
j

k (xj − κ
j

k1)+,

bj
d= NKj

(0, σ2
bj
I ), independent (j = 1, . . . , d ), where bj = (b

j
1, . . . , b

j
Kj

) (e.g. Eilers &

Marx, 1996; Wand, 2003). Note that σ2
bj

= 0 corresponds to linearity of mj . A fixed number
of knots are placed on a grid in each dimension j = 1, . . . , d. See Ruppert (2002) for a
discussion of knot (κ

j

k) selection.
As an aside, a link between penalized splines and mixed models is reviewed in Rup-

pert et al. (2003 Section 4.9). In the context of a scatterplot smoother (d = 1), for ease of
explanation, the penalized spline fitting criterion finds β and b to minimize

1

σ2
e

n∑
i=1

(
yi − β0 − β1xi −

K∑
k=1

bk(xi − κk)+

)2

+ λ2

σ2
e

K∑
k=1

b2
k .

When b is treated as a random variable with mean 0 and covariance σ2
uI where σ2

u = σ2
e /λ2,

this criterion is equivalent to the best linear unbiased predictor (BLUP) criterion in a linear
mixed model. Additional connections between mixed models and splines have been explored
and exploited by a number of other authors including Verbyla et al. (1999) who drew upon
Green & Silverman (1994 Section 3.8) and Speed (1991).
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In our situation, some of the xj are not directly observable, and instead we observe

wj = xj + uj , where uj
d= Nn(0, σ2

uj
I ) independent (j = 1, . . . , d ) ,

where the σ2
uj

are known (σ2
uj

= 0 corresponds to xj being observed). Let f(x1, . . . , xd; θ)
denote the joint density of the predictors, where f is determined by the parameter vector θ;
this is sometimes called a structural assumption. We also assume that the dependence of y
on the predictors is non-differential:

(y | x1, . . . , xd,w1, . . . ,wd)
d= (y | x1, . . . , xd) .

With these specifications,

(y | x1, . . . , xd)
d= Nn(Xβ,Vx) ,

where Vx =
d∑

j=1

σ2
bj
ZjZ

T
j + σ2

εI , β = (β0, . . . , βd) ,

X = [1 x1 · · · xd] and Zj = [(xj − κ
j
11)+ · · · (xj − κ

j
Kj

1)+] .

We also use the notation

x = [x1 · · · xd] , b = [b1 · · · bd] , w = [w1 · · · wd] and Z = [Z1 · · · Zd] .

Further, let x−j represent x without its j th component. Finally, let σ 2
b = (σ2

b1
, . . . , σ2

bd
),

σ 2
u = (σ2

u1
, . . . , σ2

ud
), and ψ = (θ ,β, σ 2

b , σ2
ε ). The likelihood is

L(ψ) = f(y,w;ψ)

=
∫

R
n
· · ·

∫
R

n
f(y | x;β, σ 2

b , σ2
ε )f(w | x; σ 2

u)f(x1, . . . , xd; θ) dx

=
∫

R
n
· · ·

∫
R

n
ϕVx (y −Xβ)f(w | x; σ 2

u)f(x; θ) dx ,

where ϕ�(x) = (2π)−n/2|�|−1/2 exp(− 1
2x

T�−1x)

denotes the Nn(0,�) density.
To better appreciate the complexity that measurement error brings to this likelihood,

suppose that
xj

d= N(µj1, σ2
j I ) , independent (j = 1, . . . , d ) .

Then the likelihood is

L(ψ) =
∫

R
n
· · ·

∫
R

n
ϕVx (y −Xβ)

d∏
j=1

ϕσ2
uj
I (wj − xj)

d∏
j=1

ϕσ2
j
I (xj − µj1) dx ,
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and, despite the fact that everything is normal, the integrals cannot be reduced due to the
presence of x1, . . . , xd in Vx . While a more flexible structural model is often desirable (e.g.
Carroll et al., 1984), we present the case of a normal structural model to illustrate the method.

This problem appears to be similar to the one encountered in maximum likelihood es-
timation in the generalized linear mixed model (e.g. McCulloch & Searle, 2001 Chapter 8).
We emphasize that the integrals here are a result of the measurement error and not the mixed
model. This observation highlights an interesting connection between the somewhat separate
statistical subfields of mixed models and measurement error.

Apart from maximization of L(ψ) for estimation of the parameters in ψ, prediction of
b is required for estimation of the function mj (·), 1 ≤ j ≤ K. The best predictor (BP) of b is

b̂ = E(b | y, x) .

A commonly used estimator is the empirical best predictor (eBP), b̂j, the BP calculated
with σ 2

b and σ2
ε fixed at their current estimates, σ̂ 2

b and σ̂2
ε , which we estimated by REML.

Algebraically, the eBP is

b̂ = (ZTZ +D)−1ZT(y −Xβ) , where D = σ̂2
ε blockdiag1≤j≤d

( 1

σ̂2
bj

IKj

)
.

In the case of normal ε and b, the eBP is also unbiased. As a result of this and its form, the
eBP is also the empirical best linear unbiased estimator (eBLUP) in this case (e.g. McCulloch
& Searle, 2001 Chapter 9).

3. Estimation

As discussed in Section 2, since L(ψ) involves intractable integrals, direct determination
of ψ̂ to maximize L(ψ) is very difficult. In the somewhat similar case of the generalized linear
mixed model (e.g. McCulloch & Searle, 2001 Chapters 8, 10), a tractable approach uses the
nested Monte Carlo Expectation Maximization algorithm (nested MC–EM algorithm). Sec-
tion 3.2 introduces the nested MC–EM algorithm and describes how to generate the required
Monte Carlo sample. Section 3.3 then enumerates our algorithm in detail.

3.1. EM algorithm

Denote the observed data as Yobs = (y,w) with log-likelihood �obs(ψ). Let Ycomp =
(y,w, x, b) be an augmentation of Yobs , which we refer to as the complete data; let the
associated log-likelihood be denoted by �comp(ψ). The EM algorithm maximizes �obs(ψ) in
ψ using an iterative process comprising two steps. Let the current estimates of the parameters
be ψ (t) where (t) indexes iterations. The expectation or E-step consists of computing the ‘best
guess’ (conditional expectation with the expectation indexed by the most recent parameter
estimates) of the complete data log-likelihood given the observed data,

Q(ψ;ψ (t)) = E
(
�comp(ψ) | Yobs;ψ (t)

)
.

Next, the maximization or M-step consists of calculating

ψ (t+1) = argmax
ψ

Q(ψ;ψ (t)) .

c© 2005 Australian Statistical Publishing Association Inc.



ADDITIVE MODELS WITH PREDICTORS SUBJECT TO MEASUREMENT ERROR 197

When possible, the procedure can be streamlined by computing only the conditional expec-
tations of the sufficient statistics for the complete data problem. Under regularity conditions,
ψ (t) → ψ̂MLE as t → ∞.

3.2. MCEM algorithm and nesting

One extension to the EM algorithm is Monte Carlo (MC) estimation of the E-step (Wei &
Tanner, 1990). This extension replaces analytic (or numerical) determination of the required
expectation with a Monte Carlo estimate. We use this method since our E-step does not have
a closed form.

The E-step could be implemented by sampling from the distribution of (x, b | y,w;ψ (t)),

using a Gibbs sampler that alternates between samples from (b | x, y,w;ψ (t)) (multivariate
normal) and (xj | b, x−j, y,w;ψ (t)), j = 1, . . . , d (see Fact 1 below), but this approach would
probably be quite inefficient. Smyth (1996) and van Dyk (2000) suggest a more efficient ap-
proach called the nested EM algorithm. The idea behind that approach is to alternate one
of the Gibbs chain elements with a ‘nested’ EM algorithm that holds Monte Carlo estimates
from the Gibbs output fixed. van Dyk (2000) likens the approach to an EM version of blocked
Gibbs sampling.

In our case, this approach consists of two steps for each EM iteration (indexed by t)
and each additive component (indexed by j). The first step is the Monte Carlo step. It con-
sists of generating a sample from (xj | b, x−j, y,w;ψ (t)) and using this sample to compute

Monte Carlo estimates of the expectations of the complete data sufficient statistics for ψ (t)

that involve xj . The second step is followed by the nested EM step, where we fix the es-

timates of the complete data sufficient statistics at their current values and compute ψ (t+1)

from several iterations of an EM algorithm that treats only b as latent. van Dyk (2000) shows
that convergence of the nested EM in each nested step is not necessary for convergence of
the complete algorithm. The benefit of this procedure is that it makes more efficient use of
computationally expensive Metropolis–Hastings samples. Since the nested step is aimed at
fitting a linear mixed model, another method such as Newton–Raphson could be used in the
nested step instead of EM.

The following fact shows one way of drawing from the conditional densities of

(xj | b, x−j, y,w,ψ (t)) (j = 1, . . . , d ) .

This method was also used by Berry et al. (2002). It is a direct consequence of the likelihoods
that specify our model.

Fact 1. The density of (xj | b, x−j, y,w,ψ (t)) is proportional to

exp

(
− 1

2σ2
ε

(y −Xβ − Zb)T(y −Xβ − Zb) −
d∑

j=1

1

2σ2
xj

(xj − µj )T(xj − µj )

−
d∑

j=1

1

2σ2
uj

(wj − xj )T(wj − xj )

)
.

As a result, generating from the conditional distribution of xj can be done using the
Metropolis–Hastings algorithm; see e.g. Casella & Robert (1999 Chapter 6).
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3.3. Complete algorithm

Now we specify the complete algorithm.

(i) Start with an initial ψ (0). To establish the starting values, we fit a fixed degree-of-freedom
additive model using E(xj |wj ) in place of the observed covariates. These conditional

expectations require estimates of µxj and σ2
xj

, and we estimate them using method of

moments estimators: µ̂xj = 1T
nwj/n and σ̂2

xj
= (s2

wj
− σ2

uj
)/s2

wj
.

With j = 1, . . . , d indexing the additive components, the (t + 1)th parameter update
involves step (ii).

(ii) Sample from (xj | b, x−j, y,w;ψ (t)) using the Metropolis–Hastings algorithm and Fact 1.
(iii) Let

P =
[
XTX XTZ

ZTX ZTZ +D

]
.

With the results from step (ii), compute Monte Carlo estimates of

P ,W Ty , and W TW , where W = [X Z] .

We denote estimates of these quantities by

P̂ , Ŵ Ty , and Ŵ TŴ .

(iv) Holding the estimates from step (iii) fixed, run several iterations of an update scheme. For
instance, using the standard EM algorithm to compute REML estimates (e.g. Dempster,
Rubin & Tsutakawa, 1981), the (k + 1)th nested updates are:

(a) b(k+1) = (β(k+1), b) and b(k+1) = P̂−1Ŵ Ty .

(b) Letting P−1
[bj] correspond to the block submatrix of P−1 associated with bj ,

σ
2(k+1)

bj
= 1

Kj

= (
bT
j bj + tr(σ2(k)

ε P̂−1
[bj])

)
(j = 1, . . . , d ) .

(c) σ2(k+1)
ε = 1

n

(
yTy − 2yTŴb(k+1) + b(k+1)TŴ TŴb(k+1) + σ2(k)

ε tr(Ŵ TŴ P̂−1)
)
.

(v) Calculate µ(t+1)
xj

and σ2(t+1)
xj

using standard point estimates based on the Monte Carlo
data in step (iii).

We terminate the algorithm after plots of the current estimates of the additive components
(m̂

(t+1)
j (·)) appear to stabilize (Wei & Tanner, 1990).

4. Illustrations

4.1. Simulation

Figure 1 contains the results of a simulation study to illustrate the performance of our
method on scatterplot data and explore its sensitivity to different levels of regression and
measurement error variance. The simulation design was a 2 × 2 factorial on measurement
error variance and regression error variance. The measurement error variance levels were
determined by setting a scale-free measure of measurement error (the reliability ratio λ =
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Figure 1. Output from a Monte Carlo simulation study to illustrate the performance of the
method. The test cases consist of a 2×2 factorial combination of two levels of measurement
error and regression error; 200 replicates; sample size = 300. The left column of panels shows the
true curve, the mean estimate that ignores measurement error (naı̈ve estimate), and the observed
data. The right column shows the naı̈ve estimate, true curve, and a shaded envelope that covers
95% (pointwise) of the EM-spline estimates. (a) Moderate measurement error and low regression
error, (b) moderate measurement error and high regression error, (c) high measurement error and

low regression error, and (d) high measurement error and high regression error.

σ2
x/(σ2

u + σ2
x) ) to moderate = 0.8 and high = 0.5. The regression error variance was set to a

very small amount, σ2
ε = 0.012, and a higher amount, σ2

ε = 0.22. In each case, true m(x) =
1.5ϕ((x − 0.35)/0.15) − ϕ((x − 0.7)/0.04) where ϕ denotes the normal probability density
function, and the sample size was 300. We ran 200 Monte Carlo iterations, and we computed
average pointwise squared error for each fitted curve to assess the estimates. Within each
simulation case, the 5th, 50th, or 95th percent best fit in Figure 1 is the curve associated with
the empirical 5th, 50th, or 95th percent smallest average pointwise squared error.
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Figure 2. The sensitivity of the fits to four levels of additive covariate measurement
error in log(TSP), for an additive model that describes the relationship between mor-
tality and the factors: (a) total suspended particles (log(TSP)), (b) day, (c) temperature,

and (d) humidity in Milan, Italy 1980–1989 (Zanobetti et al., 2000)

The figures illustrate that our proposed method identifies features of the true curve that
were missed by the estimator that ignores covariate measurement error (the naı̈ve estimator).
Even in the presence of ‘moderate’ measurement error, the naked eye does not immediately
identify the true curve from the observed scatterplot data.

4.2. Air pollution example

Next, we fit a simple additive model to an air pollution/mortality dataset recorded in Mi-
lan, Italy, from 1980 to 1989 (Zanobetti et al., 2000) and analyse its sensitivity to measurement
error in total suspended particles. Given the lack of validation data, our purpose is to show
that models such as this one can be sensitive to covariate measurement error. See Dominici
& Zeger (2000) for a discussion of measurement error in air pollution/mortality studies.

Let i index day and TSPi , dayi , tempi , humidi , and morti denote the measured total
suspended particles, sequential day number, average temperature, average relative humidity,
and mortality (from natural causes) count on day i. Our additive model regression equation is:

E
(

ln(morti )
) = β0 + m1

(
ln(TSPi )

) + m2(dayi ) + m3(tempi ) + m4(humidi ) .
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To assess the sensitivity of estimates to measurement error in TSPi , we fit the model assuming
that the reliability ratio (see Section 4.1) for ln(TSPi ) is 1.0 (no measurement error), 0.9, 0.8,
and 0.7.

Figure 2 shows that the estimate of the function that relates ln(TSP) to mortality appears
to be sensitive to measurement error. This suggests that an analysis of these data would benefit
from measurement error modelling and the collection of validation data.

5. Discussion and extensions

We have described an effective mechanism for additive modelling when predictors are
subject to measurement error. Unlike Berry et al. (2002), our approach is relative frequentist,
and our simulations point to evidence that good performance can be achieved without the
specification of priors. We have also considered multipredictor additive models rather than
single predictor scatterplot smoothing.

Three straightforward augmentations to our method include calculating approximate
standard errors for the curve estimates, incorporating validation data, and allowing a more
flexible model for the structural distribution of (x1, . . . , xd). Since the curve estimates are
linear combinations of estimates of β and b, it is sufficient to estimate the asymptotic covari-
ance matrix of β̂ and b̂. This can be done using the method described in Section 5 of Chan &
Kuk (1997). Validation data can be incorporated, using the method described in Spiegelman
et al. (2000) for instance. The distribution of the unobserved covariates can be modelled with
a mixture of normals, as described in Carroll et al. (1999) for instance.
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