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Abstract A new data science tool named wavelet-based
gradient boosting is proposed and tested. The approach is
special case of componentwise linear least squares gradient
boosting, and involves wavelet functions of the original pre-
dictors.Wavelet-based gradient boosting takes advantages of
the approximate �1 penalization induced by gradient boost-
ing to give appropriate penalized additive fits. The method
is readily implemented in R and produces parsimonious and
interpretable regression fits and classifiers.
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1 Introduction

We propose a new data science method named wavelet-
based gradient boosting. The essence of the method is to
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use wavelet basis functions of candidate predictors and sim-
ple linear regression base learners within the gradient boost-
ing paradigm introduced by Friedman (2001), and recently
surveyed by Bühlmann and Hothorn (2007)). The inherent
sparseness of gradient boosting [e.g. Bühlmann (2006)] is
ideal for wavelet basis functions.

The mechanics of wavelet-based gradient boosting are the
same as componentwise linear least squares gradient boost-
ing, as described in Sect. 4.1 of Bühlmann and Hothorn
(2007). The only difference is that each of the d continu-
ous predictors is replaced by K wavelet basis functions of
the predictor—resulting in a new and enlarged set of dK
predictors. We specifically recommend the default wavelet
basis developed in Wand and Ormerod (2011).

Recently, Leitenstorfer and Tutz (2007) investigated the
use of componentwise linear least squares to select radial
basis functions with varying scales for nonparametric regres-
sion. Our approach is similar in spirit, with wavelet basis
functions being used instead of radial basis functions. How-
ever, wavelet bases have the following two attractions when
used in gradient boosting:

• Their localness means that sparse �1 penalization is appro-
priate [e.g. Donoho and Johnstone (1994)]. As shown by
Efron et al. (2004), gradient boosting with small learning
rate is approximately equivalent to �1 penalization.

• They provide efficient approximations of jagged and
jumpy predictor effects. This has the potential to improve
prediction when such effects are present in the population
sense.

We have tested wavelet-based gradient boosting on both
simulated and actual data and found it to be effective, and a
useful addition to the data science arsenal. In particular, the
simulation study given in Sect. 3.3 shows that wavelet-based
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gradient boosting offers improved performance when there
are jagged or jumpy predictor effects.

Whilst potential use in data science applications are the
primary motivation for wavelet-based gradient boosting, it
also constitutes a new approach to wavelet-based nonpara-
metric regression (e.g.Vidakovic 1999;Nason2008) andgen-
eralized additive model fitting. The last decade has seen sev-
eral proposals that have involved the use of gradient boosting
in generalized additive model analysis [e.g. Binder and Tutz
(2008)].

The R computing environment (R Development Core
Team 2012) provides good support for gradient boosting,
via packages such as gbm (Ridgeway 2012) and mboost
(Hothorn et al. 2011). Each of these packages have func-
tionality that supports wavelet-based gradient boosting, and
our illustrations make use of the function glmboost() in
mboost.

Section 2 details wavelet-based gradient boosting. Illus-
trative examples and the results of a simulation study are
given in Sect. 3. Concluding remarks are made in Sect. 4. An
appendix contains some technical details required visualiza-
tion of wavelet-based gradient boosting outputs.

2 Details of wavelet-based gradient boosting

Wavelet-based gradient boosting applies componentwise lin-
ear least squares gradient boosting (Bühlmann and Hothorn
2007, Sect. 5.1) to wavelet basis functions of the predic-
tors. In this section we describe the algorithm’s inputs and
mechanics.

2.1 Inputs

The primary inputs for wavelet-based gradient boosting are:

• A regression-type data set,
• A loss function.

Secondary inputs are:

• The maximal number of boosting iterations,
• The learning rate parameter,
• The wavelet basis size.

Each of these is now briefly explained.

2.1.1 Regression-type data

Regression-type data take the form: y, x1, . . . , xd . Here y
is an n × 1 vector of response variables or class indicators
and, for each 1 ≤ � ≤ d, x� contains values on the �th

predictor x�. For nowwe assume that each of these predictors
are continuous. Section 2.7 explains the extension to mixed
predictor data.

2.1.2 Loss function

For any two equal-length vectors y and f , let L( y, f ) be
a non-negative number that reflects the distance between y
and f . Common examples are

L( y, f )

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1
2‖ y − f ‖2
(squared error loss)
log2[1+exp{−2(2 y−1)T f }]
(binomial log-likelihood loss).

(1)

Squared error loss is usually appropriate when the entries
of the response vector y are continuous. If y has binary entries
(i.e. yi ∈ {0, 1}) then binomial log-likelihood loss is usually
preferred. Binomial log-likelihood loss, with logarithm to
base 2 rather than natural logarithm, is used because it con-
stitutes an upper bound on the misclassification error. This
version is compatiblewith theR package glmboost (Hothorn
et al. 2011) discussed in Sect. 2.5.

Gradient boosting requires that the vector of element-
wise partial derivatives with respect to the second argument,
denoted by ∂

∂ f L( y, f ), is well-defined. For the examples
given in (1) we have

∂

∂ f
L( y, f )

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

y − f

(squared error loss)
−2(2 y − 1)

loge(2)[1+exp{2(2 y−1)T f }]
(binomial log-likelihood loss).

2.1.3 Maximal number of boosting iterations

The maximal number of boosting iterations, denoted by M ,
is a positive integer usually in the hundreds or thousands.
Appropriate choice of M depends on the data set at hand.
Further discussion about the choice of M , in relation to esti-
mation of the optimal stopping position, is discussed in Sect.
2.3.

2.1.4 Learning rate

The learning rate, denoted by ν, is a parameter between 0
and 1 and is also known as the step-length factor. Provided
ν is small, this parameter is of minor importance (Bühlmann
and Hothorn 2007). A reasonable default setting is ν = 0.1.
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Fig. 1 Wavelet basis functions
on [0, 1] for two values of the
number of levels parameter L
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2.1.5 Wavelet basis size

This parameter is the number of wavelet basis functions per
predictor, and denoted here by K , and must satisfy K =
2L − 1 for L a positive integer. For simplicity we take K
to be fixed across each of the d predictors. The extension
to variable K is straightforward, but is omitted to maintain
presentational simplicity. As indicated by Fig. 10 of Wand
andOrmerod (2011), the choice of K has aminor effect on the
resulting function estimates, assuming that it is reasonably
large. We have found K = 127 to be a good default.

2.2 Wavelet bases construction

Section 3.1 of Wand and Ormerod (2011) describes gener-
ation of a default wavelet basis function matrix Zx from a
general univariate sample x ≡ (x1, . . . , xn). The (i, k) entry
of Zx is

zk(xi ), 1 ≤ i ≤ n, 1 ≤ k ≤ K ,

where {zk(·) : 1 ≤ k ≤ K } is a set of wavelet basis func-
tions over the range of the xi s and K = 2L −1 for an integer
L called the level. Figure 1 shows the zk functions based on
the Daubechies 5 mother wavelet for varying values of L . R

software for efficient computation of Zx is described in Sect.
2.5. Note that this basis is such that it should be accompanied
by a constant function for the full fit. This differs from popu-
lar spline bases, which often require low degree polynomial
functions to be included in addition to the constant function.

For now let K = 2L − 1 be constant across all input pre-
dictor variables x1, . . . , xd . Then horizontally concatenate
these matrices to obtain

Z = [Zx1 · · · Zxd ]. (2)

Note that Z is an n × dK matrix containing a “super dic-
tionary” of wavelet basis functions evaluated at the observed
predictor values.

2.3 Akaike information criteria for optimal stopping
estimation

Akiake information criteria (AIC) come in various forms that
trade off deviance and effective degrees of freedommeasures.
Consider a wavelet-based vector of fitted values

f̂ ≡ α̂1 + Zû

where 1 is the n × 1 vector of ones, Z is as given in (2), α̂

is a scalar and û is a dK × 1 vector of wavelet coefficients.
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Then the classical definition of AIC is

AIC( f̂ ) ≡ 2L( y, f̂ ) + 2 edf( f̂ ) (3)

where edf( f̂ ) is a measure of the effective degrees of freedom
of f . A simple and appropriate effective degrees of freedom
measure is

edf( f̂ ) ≡ 1 + number of non-zero entries in û. (4)

The comment byHastie (2007) onBühlmann andHothorn
(2007) and the authors’ rejoinder contains some interesting
discussion on appropriate effective degrees of freedom mea-
sures for gradient boosting in general. For wavelet-based
gradient boosting, (4) has the advantage that it scales well
to large input data sets. It also has attractive unbiasedness
properties for the �1-type penalization induced by gradient
boosting (Zou et al. 2007).

In the special case of squared error loss Hurvich et al.
(1998) have identified some drawbacks with the classical
AIC formula and proposed the following corrected AIC:

AICC ( f̂ ) ≡ log{2L( y, f̂ )/n} + 1 + 2{edf( f̂ ) + 1}
n − edf( f̂ ) − 2

. (5)

Section 5.4 of Bühlmann and Hothorn (2007) contains
relevant discussion on the choice of model selection crite-
rion. Apart from (3) and (5), they also mention the g-prior
based minimum description length criterion of Hansen and
Yu (2001) as a possibility for squared error loss. In lieu of a
full investigation into the relative merits of the various model
selection criteria for wavelet gradient boosting, we use AICC

is used in our example involving squared error loss (Sect.
3.1).

2.4 Algorithm

Thewavelet-basedgradient boosting algorithmwith inputs as
described in Sect. 2.1 as Algorithm 1. The following notation
is used in Algorithm 1:

• z j ≡ j th column of Z, 1 ≤ j ≤ dK ,

• û(m)
j ≡ j th entry of û(m), 1 ≤ j ≤ dK ,

• ‖v‖2 ≡ vT v for a general column vector v.

REMARKS:

1. In the case of squared error loss, it is common to instead
use the corrected AIC expression (5) in the AIC updating
step. The example in Sect. 3.1 uses corrected AIC.

2. As a proposed new data science tool, Algorithm 1 has the
advantages of being computationally simple and scaling
well to large data sets. All steps are arithmetic in nature

Algorithm 1 The wavelet-based gradient boosting algorithm
Inputs: Regression-type data y, x1, . . . , xd ; loss function L(·, ·) ;

M ∈ N ; 0 < ν ≤ 1 ; K = 2L − 1; L ∈ N.
Construct: Z = [Zx1 · · · Zxd ] (n×dK matrix containing wavelet basis

functions of each predictor).
Initialize: u(0) ← 0 ; α̂ ← argmin

α∈R
L( y, α1) ; f̂ ← α̂1 ; A ← {0}.

For m = 1, . . . , M :

r ←
[
− ∂

∂ f L( y, f )
]

f= f̂
; ŵ j ← zTj r/‖z j‖2, 1 ≤ j ≤ dK ;

j� ← argmin
1≤ j≤dK

‖r − ŵ j z j‖2 ; û(m)
j∗ ← û(m−1)

j∗ + ν ŵ j∗ ;

f̂ ← f̂ + û j� z j� ; A ← A ∪ { j∗};
edf( f̂ ) ← cardinality of A;

AIC(m) ← 2L( y, f̂ ) + 2 edf( f̂ ).

m∗ ← argmin
1≤m≤M

AIC(m).

Outputs: α̂, û(m∗).

and devoid of computational complexities such as con-
vergence and root-finding. The storage and number of
computations are linear in the sample size once d, K and
M have been fixed.

3. The estimated coefficients, α̂ and û(m∗), are the mini-
mally sufficient outputs of Algorithm 1. However, con-
version of these outputs, in combination with the input
data, to interpretable graphical summaries requires addi-
tional effort. Sections 2.8 and 3, as well as an appendix,
tackle this issue.

4. The base learner in Algorithm 1 is single predictor
“through-the-origin least squares regression”, where the
“x-variable” is a wavelet basis function of one of the orig-
inal predictors.

5. The updates ŵ j ← zTj r/‖z j‖2, 1 ≤ j ≤ dK canbewrit-

ten in matrix notation as ŵ ← ZT r/diagonal (ZZT )

where diagonal(M) is the vector containing the diagonal
entries of the square matrix M and the quotient of two
vectors is applied in an element-wise fashion.

6. If m∗ equals, or is close to, the maximal number of iter-
ations M then it is likely that the global minimum of the
AIC criterion has not been obtained.When this happens it
is recommended that Algorithm 1 be re-run with a larger
value of M .

7. The Sparse L2 Boost algorithm of Bühlmann and Yu
(2006), which yields sparser solutions than component-
wise linear least squares gradient boosting, could be used
as the basis for an alternative version ofAlgorithm1. This
is yet to be explored.

2.5 R implementation

A practical advantage of Algorithm 1 is that it can be imple-
mented efficiently and relatively painlessly in R (R Develop-
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ment Core Team 2012) using existingR functions ZDaub()
(Wand and Ormerod 2011) and glmboost() in the pack-
age mboost (Hothorn et al. 2011). The code for ZDaub()
is part of the supplementary materials that accompany Wand
and Ormerod (2011) on the Electronic Journal of Statistics
web-site. This function efficiently computes the Zx j matrices
needed to build the wavelet dictionary matrix Z. Efficiency
is afforded by the Discrete Wavelet Transform and its imple-
mentation in the R package wavethresh (Nason 2010).

The following code illustrates this for an n = 1000, d = 3
simulated regression data set with K = 127 basis functions
per predictor and maximal number of iterations M = 5000,
assuming thatZDaub() andglmboost()have beenmade
available to the current session:

x1 <- runif(1000) ; x2 <- runif(1000) ; x3 <- runif(1000)

y <- (2.2*(4*sin(4*pi*x1)-sign(x1-0.3)-sign(0.72-x1))

+10*sign(x2-(1/3))-7*sign(x2-(2/3))+rnorm(1000))

Z1 <- ZDaub(x1,range.x=c(0,1),numLevels=7)

Z2 <- ZDaub(x2,range.x=c(0,1),numLevels=7)

Z3 <- ZDaub(x3,range.x=c(0,1),numLevels=7) ; Z <- cbind(Z1,Z2,Z3)

glmboostObj <- glmboost(Z,y,center=FALSE,

control=boost_control(mstop=5000))

AICobj <- AIC(glmboostObj,method=‘‘corrected’’,df=‘‘actset’’)

mStar <- mstop(AICobj)

uHatmStar <- as.numeric(extract(glmboostObj[mStar],

‘‘coefficients’’,which=1:ncol(Z)))

par(mfrow=c(2,2)) ; plot(AICobj) ; plot(x1,Z1%*%uHatmStar[1:127])

plot(x2,Z2%*%uHatmStar[128:254]) ; plot(x3,Z3%*%uHatmStar[255:381])

The plots of the fits produced by this code are rudimentary.
Improved display is illustrated in Sect. 3.

We also note that glmboost() supports several loss
functions, including those corresponding to the Poisson,
Negative Binomial and Laplace log-likelihoods as well
as the Cox proportional hazards model and Huber M-
estimation.A full listing can be obtained via theR commands
library(mboost) ; help(Family).

2.6 Aside: nonparametric regression and generalized
additive model fitting

Even though data science is our main focus, it is worth
noting—as an aside—that Algorithm 1 constitutes new non-
parametric regression and generalized additive model fitting
methodology.

2.6.1 Nonparametric regression

Consider the nonparametric regression setting

yi = f (xi ) + εi , 1 ≤ i ≤ n,

where (xi , yi ) is the observed data, f is a unknown regres-
sion mean function and the εi are independent and approxi-
mately Gaussian with mean zero. Donoho (1995) describes

conditions on f appropriate for wavelet-based nonparamet-
ric regression. Such functions could be quite jagged and have
jump discontinuities.

Algorithm 1 with d = 1 and squared error loss is an effec-
tivemeans of estimating f because it returns a sparse solution
akin to �1 penalization. The following R code illustrates this
for an n = 2, 000 regression data-set generated from the
heavisine function (Donoho and Johnstone 1994) on [0, 1]:
x <- (1:2000)/2000

fTrue <- function(x)

return(2.2*(4*sin(4*pi*x)-sign(x-0.3)-sign(0.72-x)))

y <- fTrue(x) + rnorm(2000)

Z <- ZDaub(x,range.x=c(0,1),numLevels=7)

glmboostObj <- glmboost(Z,y,center=FALSE,family=Gaussian(),

control=boost_control(mstop=1000))

AICobj <- AIC(glmboostObj,method=‘‘corrected’’,df=‘‘actset’’)

mStar <- mstop(AICobj)

fhat <- predict(glmboostObj[mStar],new=Z)

plot(x,y,pch=‘‘.’’,col=‘‘orange’’) ; lines(x,fTrue(x),col=‘‘blue’’)

lines(x,fhat,col=‘‘red’’)

Non-Gaussian nonparametric regression can be handled
via appropriate modification of the loss function used in
Algorithm 1.

2.6.2 Generalized additive model fitting

Algorithm 1 also provides a new way to fit a generalized
additive model such as

yi
ind.∼ Poisson[exp{ f1(x1i )+ f2(x2i )+ f3(x3i )}], 1≤ i≤n.

(6)

Algorithm 1 with loss function L( y, f ) = − yT +
1T exp( f ) is appropriate for fitting (6). The performance of
this approach is outside the scope of the current article.

2.7 Issues regarding discrete and categorical predictors

As it standsAlgorithm1 is oblivious towhether the predictors
x1, . . . , xd correspond to continuous or discrete variables.
Wavelet-based gradient boosting should still return reason-
able fits when some of the predictors are discrete since many
of the corresponding Zmatrix columns are exactly zero. Such
columns will seldom be selected and, if they are, will make
no difference to the fit. Each of the examples in Sect. 3 adopt
this strategy for ease of implementation.

Nevertheless, it is somewhat wasteful to carry along K
basis functions of a highly discrete predictor variable when
only a few of them are relevant. For very large problems,
where storage and computation time at a premium, one could
consider simpler wavelet functions. For example, if x j is
binary predictorwith 0/1 coding then itmay suffice to use the
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Haar wavelet basis with L = K = 1. In this case z1(x j ) =
2x j −1 is the corresponding column of the Zmatrix. Similar
schemes could be used for other highly discrete, non-binary,
predictor variables. This is yet to been studied closely.

Algorithm 1 requires that all input predictor variables are
numerical. A simple way around this problem is to introduce
l −1 indicator variables for each l-level categorical variable.
A potential shortcoming of this approach is dependence on
the choice of indicator variable coding. Once again, we have
not yet delved into this issue.

2.8 Relative importance scores

A simple and effective way of assessing the relative impor-
tance of the candidate predictors x1, . . . , xd is to compare
spread summaries of the fitted values vectors f̂ 1, . . . , f̂ d .
First note that each f̂ j is formed from the output coefficient

vector û(m∗) via the calculation

f̂ j = ZI j û
(m∗)
I j

where {I1, . . . , Id} is the partition of the column indices
of Z corresponding to the basis functions for each of the d
predictors and ZI j is the sub-matrix of Z with columns I j .

A similar definition applies to sub-vectors of û(m∗). If exactly
K basis functions are used for each x j then

I j = {( j − 1)K + 1, . . . , j K }, 1 ≤ j ≤ d.

Under these definitions f̂ = α̂1 + ∑d
j=1 f̂ j at the com-

pletion of Algorithm 1.
Any of the common spread summary statistics, such as

standard deviation, interquartile range and median absolute
deviation, could be used to form importance scores from the
f̂ j . Our default importance score for the j th predictor is

s j ≡ standard deviation of f̂ j entries,

possibly with a small percentage (e.g. 2.5%) of the ordered
entries of f̂ j trimmed from each end. The j th relative impor-

tance score is then r j ≡ s j
/ ∑d

j=1 s j , which we express as

percentage in the examples to follow.
Relative importance scores provide a quick and simple

way of achieving a parsimonious summary of the data. Those
predictors with relative importance scores below a particu-
lar threshold, such as 1%, can be deemed unimportant and
omitted from the fit.

2.9 Extensions to allow interactions

In its current form Algorithm 1 returns a fit that is addi-
tive in the predictors x1, . . . , xd . Extensions that allow for
interactions between the x j s could be contemplated, but at

the cost of increased complexity and reduced interpretabil-
ity. The wavelet basis functions discussed in Sect. 2.2 have
natural and well-established extensions to higher dimensions
(e.g. Vidakovic 1999; Nason 2008) which could be used to
allow interactions. In principle, this simply involves wider Z
matrices being used in Algorithm 1. However, there are cer-
tain to be pertinent practical issues, such trading-off between
level of detail and computational and storage costs.

3 Illustrations

Wenow provide illustration of wavelet-based gradient boost-
ing and demonstrate its data science abilities, for both the
regression and classification contexts.

3.1 Sydney residential property prices

This illustration uses data on n = 999 residential property
prices of houses that were sold in Sydney, Australia, during
2001. There data were assembled as part of an unpublished
study by A. Chernih and M. Sherris at the University of New
South Wales. Several predictors, pertaining to features such
as geographical position, socio-economic status, proximity
to amenities and air pollution levels, were also recorded. As
a response variable we used

yi = loge(sale price of i th house)

which exhibits approximately normality.
We fed these data into Algorithm 1 with the squared error

loss function, maximal number of boosting iterations M =
1000, learning rate ν = 0.1 and number of basis functions
per predictor fixed at K = 127. Corrected AIC was used to
estimate the optimal stopping position.

The right panel of Fig. 2 shows the resulting AIC path and
the relative importance scores. As shown in the AIC plot, the
estimated stopping position m∗ = 509. The corresponding
effective degrees of freedom is

edf( f̂ ) = 1 + number of non-zero entries in û(m∗) = 141

which represents a substantial reduction compared with the
1 + 22 × 127 = 2, 795 candidate basis functions.

Figure 2 also shows the ordered relative importance
scores. The predictors income, particulate matter
10 and degrees longitude stand out as being themost
important predictors of sale price. The vertical dashed line
corresponds to a threshold set at 1% relative importance.
Note that 9 of the 22 predictors are deemed unimportant
according to this threshold—resulting in a more parsimo-
nious 13-predictor fit.

Figure 3 displays the fits for themost important predictors,
in order, over highest-density region grids. Such grids are
explained in an appendix, and are crucial for display since the
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Fig. 2 Left panel plot of the corrected AIC path for wavelet-based gra-
dient boosting applied to the Sydney residential property prices data.
The minimum is achieved atm∗ = 509 boosting iterations. Right panel

ordered relative importance scores (percentage) for each of the candi-
date predictors in the Sydney residential property prices data set. The
dashed vertical line corresponds to a 1% threshold

fits can behave quite erratically in regionswhere the predictor
data are sparse. In each panel, the estimatedmean response is
plotted for the labelled variable’s grid and all other predictors
are set to their average. The vertical axis is fixed across all
panels, which permits visual comparison of each predictor’s
relative importance.

In the upper left-hand panel of Fig. 3 The predictor
degrees longitude is seen to have an approximate
positive linear impact on mean logarithmic house price
between 150.8◦ and 151.17◦ degrees longitude. This indi-
cates the relative expensiveness of Sydney’s eastern sub-
urbs compared to western Sydney. The peak corresponds
approximately to the meridian of the exclusive North Shore
region of Sydney. The panel underneath, for distance
to coastline, shows the dramatic impact of proximity
to Sydney’s coastline. The sharp drop in the mean response
over the first kilometer inland from the coast is well-captured
by the wavelet basis functions. A similar comment applies
to distance to highway, with a steep upward ramp
in the first 100 m away from the closest highway. Subtler
interpretations may be apparent from other panels in Fig. 3.

3.2 Spam filtering

Our second example involves spam filtering, based on a data-
set used for illustration of several methods of classification
in Hastie et al. (2009). In particular, we wanted to see if

wavelet-based gradient boosting applied to this example can
achieve cross-validatory misclassification rates comparable
with existing methods.

The response variable is

yi =
{
0 if the ith e-mail message is normal,
1 if the ith e-mail message is spam

for 1 ≤ i ≤ 4, 601. The full data were fed into Algorithm
1 with M = 5, 000 and ν = 0.1 and the loss function set
to be binomial log-likelihood. The AIC-estimated optimal
stopping position was m∗ = 2, 875

edf( f̂ ) = 1 + number of non-zero entries in û(m∗) = 264

represents a 264/(1 + 57 × 127) = 3.6% compression of
the full set of candidate predictors.

Figure 4 shows the AIC path and ordered relative impor-
tance scores. The most important variable is seen to be
percent words matching ‘hp’. Since these two
letters are the initials of the worker’s company (Hewlett
Packard), one would expect the occurrence of the character
string ‘hp’ to be strongly predictive of e-mail type.

Fits for the 15 most important variables are plotted in Fig.
5. E-mailmessageswith a high percentage ofwordsmatching
the company’s initial letters are seen to contribute to a normal
e-mail classification. The reverse applies to e-mail messages
with a high percentage of dollar signs—consistent with spam
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Fig. 3 Wavelet-based additive fits for the predictor variables having highest relative importance in the Sydney residential property prices data-set.
Plotting is done over 80% highest-density region grids

e-mail being more likely to contain monetary values. Similar
interpretations apply to the other curves in Fig. 5.

We used 10-fold cross-validation to estimate the test error
of wavelet-based gradient boosting for the spam filtering
data-set. The average (standard deviation) confusion matrix
is shown in Table 1. The mean (standard deviation) misclas-
sification rate is 6.49% (1.18%). Allowing for the margin of
error, this is comparable with previously published misclas-
sification rates for these data (e.g. Table 9.1 of Hastie et al.
2009).

3.3 Simulation study

We conducted a simulation study to demonstrate the advan-
tages afforded by wavelet-based gradient boosting when the

predictor effects have jumpy or jagged features. The study
involved both Gaussian and binary response data. Let xi j ,
1 ≤ i ≤ n, 1 ≤ j ≤ 9 be independent uniform random
variables on the unit interval. For the Gaussian response case
we generated the responses according to the additive model

yi ∼ N

⎛

⎝
9∑

j=1

f j (xi j ), 0.01

⎞

⎠ , 1 ≤ i ≤ n, (7)

while the binary response model used

yi ∼ Bernoulli

⎡

⎣
exp

{
5
( ∑9

j=1 f j (xi j ) − 3
)}

1 + exp
{
5
( ∑9

j=1 f j (xi j ) − 3
)}

⎤

⎦ ,

1 ≤ i ≤ n. (8)
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Fig. 4 Left panel plot of theAICpath forwavelet-basedgradient boost-
ing applied to the spam filtering data. The minimum is achieved at
m∗ = 2, 875 boosting iterations. Right panel ordered relative impor-

tance scores (percentage) for each of the candidate predictors in the
spam filtering data set. The dashed vertical line corresponds to a 1%
threshold

The f j are given by

f1(x) = �(6x − 3)

2�(3) − 1
+ �(3) − 1,

f2(x) = 1
2 {1 + sin(3πx2)},

f3(x) = 1.4746{ 7
10φ(15x − 3)

−φ(7x − 5.6) + 0.39894}, f4(x) = I (x > 0.6),

f5(x) = 1.6603
[
10x2 I (x ≤ 0.2)

−{3(x − 0.65)2 − 0.15}I (0.2 < x ≤ 0.7)

+{5(x − 0.7)2}I (x > 0.7) + 0.1572
]

f6(x) =
11∑

k=1

hi max(0, 1 − |x − ti |/wi )
4,

f7(x) = f8(x) = f9(x) = 0,

where φ and � are the standard normal density and cumula-
tive distribution functions, I (P) is the indicator of the propo-
sition P being true,

(t1, . . . , t11) = (0.1, 0.13, 0.15, 0.23, 0.25, 0.4, 0.44,

0.65, 0.76, 0.78, 0.81),

(h1, . . . , h11) = (40, 50, 30, 40, 50, 42, 21, 43, 31,

51, 42)/51 and

(w1, . . . , w11) = (0.015, 0.015, 0.018, 0.03, 0.03, 0.09,

0.03, 0.03, 0.015, 0.024, 0.015).

Figure 6 displays the non-zero f j . The first three f j are
smooth functions. However, f4 and f5 contains jumps and
f6 is very jagged since we wanted to see if wavelet-based
gradient boosting offers improvements when such effects are
present. Each of f j , 1 ≤ j ≤ 6, have been set up to range
between 0 and 1 over the unit interval.

We generated 100 replications of (7) with n = 1000 and
(8) with n = 10, 000. The higher sample size was used for
the binary response case to account for the inherent lower
signal-to-noise ratio. Each set of data was then fed into
the gamboost() functions with both B-spline and radial
basis functions from themboost package. For wavelet boost-
ing we used the glmboost() and ZDaub() functions as
described in Section 2.5. We ran the boosting methods for
using 127 (B-spline, radial or wavelet) basis functions, for
each of the 9 predictors and chose the model with the small-
est corrected AIC in the Gaussian case and smallest AIC in
the binary case.

For the Gaussian response case we recorded the mean
square and maximum absolute errors between the true func-
tion and its estimate, given by

123



102 Stat Comput (2016) 26:93–105

0.0 0.5 1.0 1.5 2.0 2.5 3.0

−
1.

0
0.

0
1.

0

percent words matching ‘hp'

0.00 0.05 0.10 0.15 0.20 0.25 0.30

−
1.

0
0.

0
1.

0

percent char's matching ‘$'

0.0 0.2 0.4 0.6

−
1.

0
0.

0
1.

0

percent char's matching ‘!'

0 5 10 15 20

−
1.

0
0.

0
1.

0

percent words matching ‘george'

0.0 0.2 0.4 0.6 0.8 1.0
−

1.
0

0.
0

1.
0

percent words matching ‘remove'

0 10 20 30 40 50

−
1.

0
0.

0
1.

0

length longest capital letter seq.

1.0 1.5 2.0 2.5 3.0 3.5 4.0

−
1.

0
0.

0
1.

0

ave. length of capital letter seq's

0.0 0.2 0.4 0.6 0.8 1.0 1.2

−
1.

0
0.

0
1.

0

percent words matching ‘free'

0 50 100 150 200 250 300 350

−
1.

0
0.

0
1.

0

sum lengths of capital letter seq's

0.0 0.2 0.4 0.6 0.8 1.0 1.2

−
1.

0
0.

0
1.

0

percent words matching ‘1999'

0.0 0.5 1.0 1.5 2.0

−
1.

0
0.

0
1.

0

percent words matching ‘edu'

0.0 0.5 1.0 1.5
−

1.
0

0.
0

1.
0

percent words matching ‘your'

0.0 0.2 0.4 0.6 0.8 1.0 1.2

−
1.

0
0.

0
1.

0

percent words matching ‘re'

0.0 0.2 0.4 0.6 0.8 1.0 1.2

−
1.

0
0.

0
1.

0

percent words matching ‘our'

0.0 0.1 0.2 0.3 0.4 0.5

−
1.

0
0.

0
1.

0

percent words matching ‘receive'

Fig. 5 Wavelet-based additive fits for the predictor variables having highest relative importance in the spam filtering data-set. Plotting is done over
80% highest-density region grids

1

n

n∑

i=1

⎡

⎣
9∑

j=1

{ f̂ j (xi j ) − f j (xi j )}
⎤

⎦

2

and

1

n

n∑

i=1

max

∣
∣
∣
∣
∣
∣

9∑

j=1

{ f̂ j (xi j ) − f j (xi j )}
∣
∣
∣
∣
∣
∣

respectively. Note that, due to boundary effects of some
wavelet fits, we only considered observations satisfying
0.005 < xi j < 0.995, 1 ≤ j ≤ 9, when calculating the
maximum absolute error measure. For the binary response
case we simulated n = 10000 new out-of-sample test data
cases and recorded the deviance and misclassification error
on this test data.

Table 1 Average confusion matrix for the wavelet-based gradient
boosting classification of the spamfiltering data, based on 10-fold cross-
validation

Classified Classified
normal (%) spam (%)

Actually normal % 58.2 2.4

Actually spam % 4.1 35.3

The results are summarized in Fig. 7. We see that our
wavelet boosting approach dominates the other methods for
each of the performance measures. This confirms our intu-
ition that wavelets are better suited to handling the jumps in
f4(x), f5(x) and the jagged features of f6(x) and can lead
to superior performance in applications where such features
are present.
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Fig. 6 Non-zero functions used
for predictor effects in the
simulation study
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Fig. 7 Side-by-side boxplots
for the performance measures
for the simulation study
described in the text

−
11

.5
−

11
.0

−
10

.5
−

10
.0

−
9.

5

Gaussian response

Lo
g 

of
 m

ea
n 

sq
ua

re
 e

rr
or

B−spline
boosting

Radial basis
boosting

Wavelet
boosting

0.
2

0.
4

0.
6

0.
8

1.
0

1.
2

1.
4

1.
6

Gaussian response

M
ax

im
im

 e
rr

or

B−spline
boosting

Radial basis
boosting

Wavelet
boosting

−
0.

34
−

0.
32

−
0.

30
−

0.
28

−
0.

26

Binary response

Lo
g 

of
 m

ea
n 

de
vi

an
ce

B−spline
boosting

Radial basis
boosting

Wavelet
boosting

0.
12

0.
13

0.
14

0.
15

Binary response

M
is

cl
as

si
fic

at
io

n 
er

ro
r

B−spline
boosting

Radial basis
boosting

Wavelet
boosting

123



104 Stat Comput (2016) 26:93–105

Fig. 8 A HDR grid for the
predictor variable distance
to coastline in the Sydney
real estate data example. The
data are shown as red dots with
vertical jittering to enhance
visualization. The green curve is
a kernel density estimate and the
blue bars are the estimated 80%
highest density region. The rug
at the base of the plot is the
corresponding HDR grid of
size 50
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4 Conclusion

The use of wavelet basis functions within the gradient boost-
ing paradigm is a natural and, in certain circumstances, ben-
eficial approach. We have demonstrated that wavelet-based
gradient boosting has definite practical advantages for data
science applications involving jumpy and/or jagged predictor
effects. Moreover, we have shown that it can be implemented
using existing software within the R computing environment
with the addition of a function that generates wavelet basis
functions. In summary, wavelet-based gradient boosting is
a useful and relatively painless addition to the data science
arsenal.
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Appendix: Highest-density region grids

We now provide details of the highest density region (HDR)
grids used in Figures 3 and 5.

Let x = (x1, . . . , xn) be a generic univariate sample and
p̂ be a probability density estimate based on x. Then a
100(1 − τ)% highest-density region estimate is

R̂τ = {x ∈ R : p̂(x) ≥ p̂τ }

where p̂τ is chosen so that the probability mass of p̂ over the
set R̂τ does not exceed 1 − τ . See, for example, Samworth
andWand (2010) for a precise mathematical definition of p̂τ .

Themost commonly used estimator p̂ for HDR estimation
is the kernel density estimator

p̂(x) = 1

nh

n∑

i=1

K

(
x − xi

h

)

where K is a kernel function and h > 0 is a bandwidth (see
e.g. Wand and Jones 1995). Recently, Samworth and Wand
(2010) devised an automatic rule for selection of h in the
HDR estimation context. The R package hdrcde (Hyndman
2010) implements both HDR estimation and the Samworth-
Wandbandwidth selector. Figure 8 shows 80%HDRestimate
for the variable distance to coastline variable in
the Sydney residential property prices data. The correspond-
ing HDR grid of size 50 is shown at the base of the plot.
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