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SUMMARY. Often, the functional form of covariate effects in an additive model varies across groups de- 
fined by levels of a categorical variable. This structure represents a factor-by-curve interaction. This article 
presents penalized spline models that incorporate factor-by-curve interactions into additive models. A mixed 
model formulation for penalized splines allows for straightforward model fitting and smoothing parameter 
selection. We illustrate the proposed model by applying it to pollen ragweed data in which seasonal trends 
vary by year. 
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1. Introduction 
An additive model (Hastie and Tibshirani, 1990) expresses the 
mean of a response variable Y as a sum of low-dimensional 
smooth functions of covariates. In their simplest form, these 
models express covariate effects as univariate functions; i.e. , 
the functional form for the effect of a covariate on the response 
does not depend on the values of other covariates. In practice, 
however, the functional form of a covariate effect often varies 
according to the values taken by one or more of the remaining 
covariates, making this additivity assumption untenable. 

Existing work on curve interactions in additive models has 
focused mainly on interactions involving continuous covari- 
ates. A simple case of this type of interaction is a bivariate 
function of two covariates (cf., Hastie and Tibshirani, 1990, 
pp. 264-278; Hobert, Altman, and Schofield, 1997). More gen- 
erally, Wahba (1986, 1988) and Chen (1987) discussed 
ANOVA-like methods in which the response is successively 
modeled as linear combinations of univariate functions, lin- 
ear combinations of univariate and bivariate functions, linear 
functions of univariate, bivariate, and trivariate functions, and 
so on. These authors called the resulting estimates main effect 
splines, two-factor interaction splines, three-factor interaction 
splines, and so on. Chen (1993) used smoothing splines to fit 
models containing terms of arbitrary order k. 

In many cases, one might expect the form of a functional 
relationship between the mean of Y and one or more covari- 
ates to vary among subsets of observations defined by levels of 
a categorical predictor 2. This structure represents a factor- 
by-curve interaction. Figure 1 shows a simple example of a 
factor-by-curve interaction in which the mean of the response 
Y can be expressed as a smooth function of a single covari- 
ate X ,  with the form of this function depending on group 

membership denoted by the binary variable 2. (See Hastie 
and Tibshirani (1990, pp. 265-266) for additional examples 
of models containing factor-by-curve interactions.) 

Algorithms for fitting factor-by-curve interactions have re- 
ceived relatively little attention. To our knowledge, none of 
the existing commercial smoothing software can fit such mod- 
els without significant additional programming effort. For in- 
stance, Chambers and Hastie (1993, pp. 269-270) noted that 
the S-PLUS function for fitting generalized additive models, 
gam, does not currently support factor-by-curve interactions. 
In order to fit such a model in S-PLUS, one must program 
a backfitting algorithm in which, for each backfit iteration 
corresponding to a curve-by-interaction term, one splits the 
data according to the levels of z and fits a smooth function 
to each subset. (See Coull, Catalano, and Godleski (2000) for 
an example of this approach.) When the number of factor- 
by-curve interaction terms or the number of factor levels be- 
comes large, this backfitting approach becomes cumbersome. 
Moreover, traditional methods for selecting the smoothing pa- 
rameters, such as generalized cross validation, are awkward 
because of the need to minimize a particular criterion over 
the multivariate smoothing parameter space. 

We propose the use of penalized spline models (Eilers and 
Marx, 1996) as a simple way of incorporating factor-by-curve 
interactions into generalized additive models. Since fitting pe- 
nalized splines does not involve backfitting, the methods are 
trivial to program. In particular, a mixed model formulation 
of penalized spline models allows one to fit the models using 
existing mixed model software, such as the SAS procedure 
PROC MIXED (Littell et al., 1996) or S-PLUS function lme 
(Venables and Ripley, 1994). Moreover, smoothing parameter 
selection is a by-product of model fitting. 
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Figure 1. Simple example of a factor-by-curve interaction. 

We use the proposed methods to reanalyze data on daily 
ragweed pollen counts. Since avoidance plays a large role in 
the treatment of pollen-related allergies, a major objective in 
aerobiology is the development of accurate forecasting models 
for daily pollen levels (Stark et al., 1997). Figure 2 shows data 
on daily ragweed pollen counts from four consecutive pollen 
semons in Michigan. Stark et al. (1997) and Brumback et al. 
(2000) fit generalized linear and generalized additive models, 
respectively, to these data to investigate the predictive power 
of meteorological variables on pollen level. Because each year's 
pollen season starts at a different time and will progress at 
a different rate, the seasonal trend is thought to be different 
for each year. This year-to-year heterogeneity led both sets of 
authors to fit models to each year's data separately. Section 
7 presents a single analysis based on data from all four pollen 
seasons. 

Sections 2 and 3 present penalized spline models for factor- 
by-curve interactions. Section 4 discusses standard error and 
degrees of freedom calculations, and Section 5 discusses 
smoothing parameter selection. Section 6 incorporates the 
methods into generalized additive models. Section 7 applies 
the methods to the pollen data and is followed by discussion 
in Section 8. 

2. Penalized Splines and Interactions 
For simplicity, we first explain factor-by-curve interactions for 
a single continuous predictor and a single categorical factor. 
Consider the set of triples (zi,yi,zi), 1 5 i 5 n, where the 
zi and yi represent continuous predictor and response record- 
ings, respectively, and zi 6 { 1, . . . , L} represents a coded fac- 
tor. The type of model that we wish to  fit is 

yi = fii (xi) + Ei, 1 5 i I n (1) 

where f1,. . . , fL are L different functions depending on the 
value of zi and ~i i.i.d. N(0,aZ). Figure 1 shows an example 

of data generated from model (1) with L = 2 and the true 
curves f l  and f2 denoted by dashed lines. 

Let rcl , . . . , ~ C K  be a set of distinct numbers, or knots, inside 
the range of the xi's and let z+ = max(0,z). The knots are 
usually taken to be relatively dense among the observations 
in an attempt to capture the curvature in fe ,  C = 1, ..., L. 
A reasonable allocation rule is one knot for every four to five 
observations, up to a maximum of about 40 knots. Ruppert 
and Carroll (2000) described an algorithm for choosing the 
number of knots and demonstrated its effectiveness through 
simulation. Define 

1 if zi = f2, 
0 otherwise, 

zit = 

for f2 = 1,. . . , L. A linear penalized spline model (Eilers and 
Marx, 1996) for (1) is 

L I K  1 

e=1 ( k = 1  I 
subject to the constraints 

K K n 

k=l k = l  

for some constants B and Ce, C = 1,. . . , L. In model (2), 
(roe + ylezi) models the linear deviation between fl and fe,  
C = 2 , .  . . , L ,  whereas Cf=(=, c",zi-rck)+ represents deviations 
from the overall smooth term Cf=, b k ( z i  - ~ k ) + .  The penalty 
(3) induces smoothness in the effect of z on y so that the exact 
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Figure 2. Total daily ragweed pollen counts for 1991-1994 pollen seasons in Kalamazoo, Michigan. 

number of knots is not a major concern provided enough have 
been specified. 

Brumback, Ruppert, and Wand (1999) pointed out that, 
for given values of B and Ce, C = 1 , .  . . , L, model (2) sub- 
ject to constraints (3) yields fitted values equivalent to those 
produced by the model 

K L 

(4) 

where bk i.i.d. N(O,ot) ,  and c i  i.i.d. N(O,o$), !? = 1 , .  .., L, 
for appropriate values of q, and uce. Henceforth, we use this 
mixed model formulation of penalized spline models. We can 
write model (4) in matrix notation as 

y = X P  + zu+ E ,  ( 5 )  

where 

and 

with G = diag(a t lK,az l lK , . . . ,  a : L I K ) .  Here, 1~ is the 
K x 1 vector of ones. Thus, penalized spline model (4) falls 
within the linear mixed model framework, and we can rely on 
the well-developed body of methodology for this broad class 
of models. In particular, the best linear unbiased predictor 
(BLUP) of y (Robinson, 1991) is 

y = xp 4- zii, 
where 

-1 

= XT ZGZT + &)-' X} XT (ZGZ' + &)-'y 

(6) 
{ (  

and 

0 =a: (u:ZTZ + G-')-' ZT (y - Xp) . (7) 
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Extension to models with truncated polynomials (xi - K ~ ) P +  
for p > 1 is straightforward. Specifically, the pth order penal- 
ized spline model for (1) is 

2 P yi = Po + PlZi + p2xi + . . ’ + ppzi  

K L 

k=l  e=2 

L f K  

where again bk i.i.d. N(0,u;) and c i  i.i.d. N(O,&), C = 
1,. . . , L. 

3. Additive Models with Interactions 
Model (4) specifies a different smooth function f(xi) for each 
subset of observations defined by the levels o f t .  Thus, one 
can effectively fit this model (apart from the assumption of 
homoskedastic errors across factor levels) by fitting a non- 
parametric regression model to each subset separately. For a 
multiple regression model in which some terms do not interact 
with z ,  however, the penalized spline approach holds a sub- 
stantial advantage over the data subsetting approach since 
the latter must be nested within a backfitting algorithm. 

To keep notation simple, we now consider a semiparametric 
model with a single parametric term, a single nonparametric 
term, and a single factor-by-curve interaction. Extension to 
models with more than one term of each type is straightfor- 
ward. Consider now the multiple regression setting with re- 
sponse yi, general predictor xi, continuous predictors (si, &), 
and categorical predictor zi, i = I,. . . , n. A semiparametric 
model for yi that allows the functional form of the effect of ti 
on yi to vary according to the level of zi is 

yi = 00 + a1xi + g ( ~ i )  + fii (ti) + E Z ,  1 5 i 5 ~7,. (8)  

To generalize the arguments in Section 2, let K:, . . . , ‘ E ~ K ~  
and K;, ...,tckt be the Ks and Kt knots corresponding to 
si and ti ,  respectively. In addition, let zie, i = 1 , .  . . , n, e = 
1,. . . , L ,  be defined as in Section 2. A linear penalized spline 
model for (8) is 

K8 

yi = a0 + a 17% + Pis2 + c b;(si - .:I+ + P4ti 
k=l 

L f Kt 

(9) 

where bi i.i.d. N(O,&), b; i.i.d N(O,a&) ,  and cg i.i.d. 
N(0, &). Model (9) also falls within the mixed model frame- 
work (5), making estimation and inference no more difficult 
than that for the single covariate model (4). 

4. Standard Error and Degrees of Freedom 

Variability bands in function estimation are usually obtained 
by adding and subtracting twice the estimated standard error 

Calculations 

of the estimated function (e.g., Bowman and Azzalini, 1997, 
pp. 75-76). Bias aside, they can be interpreted as approximate 
pointwise confidence intervals (Hastie and Tibshirani, 1990). 
They are also useful for detection of leverage and display of 
inherent variability. For additive models in the linear mixed 
model framework, the standard errors are easily derived using 
standard multivariate statistical manipulations after obtain- 
ing an estimate of c o ~ ( [ b ~ Q ~ ] ~ l u ) .  However, this quantity 
is not currently supported by the mixed model packages, so 
direct computation based on (6) and (7) is required. The ap- 
pendix of Hastie (1996) gives some details. 

Another useful quantity, also treated in the appendix of 
Hastie (1996), is the degrees of freedom associated with an 
estimated function. This is defined as the trace of the ma- 
trix that maps the observations to the fitted values and is a 
decreasing function of the smoothing parameter. Apart from 
being more interpretable, it has the advantage of being de- 
fined for any linear smoother. 

5. Smoothing Parameter Selection 
For penalized spline model (9), smoothing parameter selec- 
tion is a by-product of model fitting with variance compo- 
nent estimation. The amount of smoothing for g(.) and fe(.), 
C = I,. . . , L,  is governed by 

- u‘ and e =  1, ..., L ,  4 3  UZt + uZe 

respectively. Thus, smoothing parameter selection reduces to 
variance component estimation in a mixed model, with a small 
variance component corresponding to more smoothness for a 
particular curve. Note that models (4) and (9) specify inde- 
pendent amounts of smoothing for each curve fe. One can 
obtain either maximum likelihood (ML) or restricted maxi- 
mum likelihood (REML) estimates (Searle, Casella, and Mc- 
Culloch, 1992) of the variance components and hence of the 
smoothing parameters, using, e.g., PROC MIXED in SAS 
or the S-PLUS function lme. Alternatively, one can fit these 
models using a prespecified amount of smoothing for a given 
curve by fixing the value of the corresponding variance compo- 
nent. This can be accomplished, e.g., using the parms option 
in the SAS procedure PROC MIXED. 

Alternatively, one could specify a constant smoothing pa- 
rameter for the {fe} using the simpler model with common 

one can test this common smoothness assumption by com- 
paring the appropriate likelihood ratio statistic to a xi-l  
variate. 

6. Generalized Additive Models with Interactions 
The models described in Sections 2 and 3 generalize natu- 
rally to the case of nonnormal errors. When the response dis- 
tribution is a member of the natural exponential family, the 
relevant penalized spline model can be represented as a gen- 
eralized linear mixed model (GLMM; Breslow and Clayton, 
1993). 

Specifically, consider the simple regression setting of Sec- 
tion 2 with triples (yi, zz, zi), but suppose that the responses 
are independent with density functions of the form 

variance component ~7:~ = . . . = u2 cL = - uc 2 . Given model (9), 
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Denote pi  = E(Yi). A generalized additive model for yi is 

d p i )  = f i i (x i ) ,  (11) 

where g is a monotone link function. A penalized spline model 
for (11) is 

g ( p i )  = xiP + ziu, (12) 

where x i  and zi are the ith rows of X and Z, respectively, 
and X, p, Z, u, and G are as defined in Section 2. 

Unlike the normal theory case, the marginal likelihood 

under model (12) is not available in closed form, and one 
must approximate this integral for maximum likelihood esti- 
mation of + = (p,  a:, &,. . . , &)’. Breslow and Clayton 
(1993) and Wolfinger and O’Connell(l993) proposed pseudc+ 
likelihood (PL) approaches based on Laplace approximation 
of the integral. The resulting algorithm, which involves it- 
eratively fitting a normal theory linear mixed model to a 
linearized response, is easy to implement using SAS macro 
GLIMMIX, and it is the one we use here. The resulting esti- 
mates represent approximations to the true maximum likeli- 
hood estimates, with more bias for binary responses or large 
variance components. Alternatively, at the cost of consider- 
able computational effort, one could use Monte Carlo meth- 
ods, the most popular being Monte Carlo EM (McCulloch, 
1997; Booth and Hobert, 1999), to obtain exact ML estimates 
of +. Hobert and Wand (2000) compared Monte Carlo EM to 
Breslow and Clayton’s penalized quasi-likelihood (PQL) ap- 
proach in the context of nonparametric binary regression and 
noted that PQL performs well in this context. Extension of 
these results to semiparametric models is a topic for future 
research. 

For binomial, Poisson, and other distributions falling within 
the one-parameter exponential family, the parameter 9 repre- 
sents an overdispersion parameter (Wolfinger and O’Connell, 
1993). For the analysis of the pollen data, we estimate 4 using 
GLIMMIX and rely on informal comparisons of deviances to 
compare models. An alternative way to account for overdis- 
persion would be to capture variability above that specified by 
a probabilistic model with additional random effects (Dean, 
1992) so that the model reduces to (12) with 9 = 1. 

7. Analysis of Pollen Data 
Stark et al. (1997) and Brumback et al. (2000) used gener- 
alized linear and generalized additive models, respectively, to 
investigate the predictive power of meteorological variables 
on the daily ragweed pollen counts depicted in Figure 2. The 
authors were interested in the effects of rain, wind speed, and 
temperature on daily ragweed pollen count after controlling 
for seasonal trend in pollen levels. 

We now consider both generalized linear and generalized 
additive interaction models for the pollen data. Let yZj  N 

Poisson(pij) denote the pollen count on day i of pollen sea- 
son j ,  j = l , .  . . , 4 .  We first fit the most general parametric 
Poisson regression model that contains terms corresponding 
to rain, wind, temperature, and day in season, with each of 
these effects varying according to year. Specifically, we fit the 

where, for day i in year j, xaJ is a rain indicator, waj denotes 
wind speed, t,, denotes the fitted values from a smooth of 
temperature as a function of day in season, and rzj  denotes the 
residual from this smooth. This model corresponds to fitting 
a Poisson regression model to data from each year separately. 
This model does not fit the data well, yielding a deviance of 
4169.6 on 312 residual d.f. 

We next fit generalized additive models to the data to in- 
vestigate whether this lack of fit arises from the linearity as- 
sumptions in the Poisson GLM. Consider the semiparametric 
regression model 

10g(cLz,) = “0 + “ l j X , J  +91(%J) + 9 2 ( T , j )  + .fJ(i). (14) 

This model specifies a rain-by-year interaction and a factor- 
by-curve interaction representing distinct seasonal trends for 
the 4 years. The function forms g1 and 92, however, are the 
same for every year j ;  i.e., we assume that the relationships 
between pollen and residual temperature and wind speed do 
not change from year to year. The PL fit of the appropri- 
ate linear penalized spline model yields a deviance of 2577.9 
on approximately 293.5 d.f., or an almost 40% decrease rela- 
tive to the deviance from model (13). Overdispersion is still 
present, however, and GLIMMIX yields a dispersion parame- 
ter estimate of 4 = 8.5. This overdispersion remains under the 
more general models containing heterogeneous wind and/or 
residual temperature effects for different seasons. 

Table 1 shows the estimates of the rain coefficients and cor- 
responding standard errors, adjusted for overdispersion, from 
the fit of model (14). The range of these estimates is larger 
than those of previous analyses, which is primarily due to the 
linear assumption for the residual temperature effect in earlier 
models. Fitting the data to all 4 years simultaneously allows 
us to investigate the plausibility of a homogeneous rain effect 
across the 4 years. In particular, we compare the fit of model 
(14) to that obtained under the constraint “11 = ... = Cr14. 
Wolfinger and O’Connell’s (1993) PL fit of this simpler model 
yields a difference in deviance of 2.53 on 3 d.f., suggesting that 
a common homogeneous rain effect is plausible. Table 1 shows 
the pooled estimate and associated standard error adjusted 
for overdispersion. Note the improved precision of the pooled 
estimate resulting from estimating the rain effect from all of 
the data. 

Figure 3 shows plots of the estimated curves and pointwise 
95% confidence bands for the effects of residual temperature 

Table 1 
Yearly and pooled PL estimates of the rain 

coeficients from semiparametric model (14) 

Year bl SE 
~~ ~ 

1991 -0.56 0.33 
1992 -0.72 0.21 
1993 -0.99 0.25 
1994 -0.87 0.42 

Pooled -0.80 0.14 
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Fitted curves and 95% pointwise confidence bands for the effects of residual temperature and wind speed for the 

and wind speed on daily pollen counts. Figure 4 shows plots 
of the estimates and pointwise 95% confidence bands for fj, 
j = 1 , .  . . ,4, from this model. The fit of the model specify- 
ing a common rain effect and additivity b&ween Year and 
seasonal trend Yields a deviance of 4451.5 on aPProximatelY 
316.2 residual d.f., supporting the fact that seasonal trend of 
pollen counts does indeed vary across years. 

8. Discussion 
In this article, we have proposed a penalized spline approach 
to estimation of factor-by-curve interactions in additive mod- 
els. The models have a mixed model representation, which 
allows the use of existing theory to perform model fitting and 

smoothing parameter estimation. This approach has the ad- 
vantage over other smoothing methods in that one does not 
have to rely on backfitting algorithms. In the pollen exam- 
ple, these methods allowed us to evaluate the plausibility of a 
Common rain effect and common seasonal trends over the four 
pollen seasons and to gain precision in estimating a 
rain effect. 

The proposed models specify the functional form of the 
effect of a continuous covariate x to vary according to the 
value taken by a categorical predictor z. However, one can 
also view the models as specifying the effect of categorical 
predictor Z on response Y to vary smoothly as a function of 

Day in Season, 1991 

-z 

P 0 
C .- 

Day In Season, 1992 

Day In Season, 1993 Day in Season. 1994 

Figure 4. Fitted curves and 95% pointwise confidence bands for the effects of day in season by year for the pollen data. 
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X .  Thus, the models proposed here are discrete analogs of 
varying-coefficient models (Hastie and Tibshirani, 1993), 
whereby the functional form of the regression coefficient for 
Z is estimated using splines. 

Because of the conceptual simplicity of the penalized spline 
approach, extensions to more complex models are straightfor- 
ward. For instance, one could also use the penalized spline 
approach to construct bivariate additive interaction models, 
whereby two-dimensional smooth functions vary across lev- 
els of a categorical variable. Finally, because the mixed model 
framework easily handles correlated data, adaptation of model 
(5) to the case of dependent errors is straightforward. 
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RESUMB 
La forme fonctionnelle des effets des covariables dans un mc- 
dele additif varie souvent entre les groupes ddfinis par les 
niveaux d’une variable categorielle. Cette structure caractdrise 
un facteur par interaction courbe. Dans cet article, on prbsente 
des modhles de splines avec penalisation qui incorporent les 
facteurs par interaction courbe dans les modhles additifs. Une 
formulation de modkle mixte pour splines avec pdnalisation 
permet un ajustement direct du modhle et la selection du 
parametre de lissage. Nous illustrons le modkle proposC en 
l’appliquant des donnees de pollen d’ambrosie pour les- 
quelles la tendance saisonniere varie avec l’annbe. 
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