Supplement for:

The Grouped Horseshoe Distribution and Its Statistical Properties

VIRGINIA X. HE AND MATT P. WAND

University of Technology Sydney

S.1 Derivation of Result 1

From (1) we have
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The change of variable t = 1/A? then leads to
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with the last step following from 8.19.4 of Olver (2023).

S.2 Derivation of Result 2

We break up the derivation into the cases:
d=1 and d> 2.

The d =1 Case
As stated in Theorem 1 of Carvalho et al. (2010),
1
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Hence
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and Result 2 holds for d = 1.



The d > 2 Case

From Result 1
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Also, from 8.19.6 of Olver (2023),

E,(0) = 11, forall v >1,

v —
which leads to
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Lastly,

lim ||z)|'"% = 0o forall d>2.
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Hence
lim pyusa(x) =00 forall d > 2.
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S.3 Derivation of Result 3

Result 3 entails various properties of the special function known as the bivariate confluent
hypergeometric function. We commence with its definition and some key results. We then
show how these results lead to the Result 3 statements.

S.3.1 The Bivariate Confluent Hypergeometric Function

The bivariate confluent hypergeometric function

‘I)l(aaﬂa%l"yy) for O‘?B?Vuxaye(c

is defined via a pair of partial differential equations in Section 9.262 of Gradshteyn & Ryzhik
(1994). As stated in Section 9.261 of Gradshteyn & Ryzhik (1994) the following series represen-
tation applies when |z| < 1:

Oy (a, 8,7, x,y) = Z Z (@ (B)mz™y" where (a)r =T(a+k)/T'(a). (S.1)

Result 3.385 of Gradshteyn & Ryzhik (1994) states that

F(V)F()\) q)l(y7 p7y+>\767_,u) (82)

1
v—1 A—1 —p,— T — N7
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for complex numbers )\, v, p, 5 and p ranging over various subsets of the complex plane. If
these parameters are constrained to be real then the restrictions reduce to

Av>0 and S,p,u€R.
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Arguments in Appendix B of Gordy (1998) imply thatfor 0 <z < 1and 0 < a < v we have
the following series representation of ®; in terms of the univariate confluent hypergeometric
function 1 Fi:

P1(a, B,7,2,y) = exp(y Z zﬁ) 1Fi(y — o,y +n,—y). (8.3)

Note, however, that there in an error in equation (6) of Gordy (1998). It is due to the (5),
of (S.1) being incorrectly replaced by (/). This error leads to (T1) — (T4) of Gordy (1998)
containing an incorrect variant of (S.3) with respect to the @1, 1 /7 and 2 F; functions as defined
in Gradshteyn & Ryzhik (1994).

S$.3.2 Marginal Density Function Simplification

The marginal density function of y according to model (2) is

o) = [ { [ oo bpoyan where po) = 2020

Define
E=1+1/(N\272).

Then standard algebraic arguments lead to

p(y|0)p(OIN) = (2m)~2(Ar) "L exp[3{(1/€) — 1}Hy[*]|(1/€)Lal*?
x (2m) 2|1/ Ia| 7 exp [ — ${0 — (/)y} {(1/&) 14} {0 — (1/€)y}].

Noting that
(2m) =21/ Lol P exp [~ 516 — (/Oy} {(1/) 1} ~{O — (1/)y}]

is the N((l/f)y, (1/§)Id> density function in 8 and |(1/€)I,4] = ¢~¢, we then have
| plopm(OIn)d0 = ()20 expl{(1/€) = 1}yl

N N (e 1
(2m) eXp{ 1+ 2272 | (11 A2r2)df2”

The marginal density function of y is then

_ (g2 av2y-12 [T _(||y|2/2)} 1
p(y) = (24727271 2/0 e P{ 1+ 2272 [ (14 X272)a2(\2 1 1) dA. (54)

S.3.3 Score Function Simplification

The score function is the following d x 1 derivative vector:

Vy{logp(y)}.



Next note that

dy log p(y) = p(ly)dy b(y)

o _(lyl*/2) 1
- /0 dy exp{ 1+ \272 (1 4 )\27.2)d/2()\2 + 1) dA
* (lyl*/2) 1
_ dX
/0 P { 1+ 2272 [ (14 A272)4/2(\2 + 1)
* (lyl*/2) 1
/0 o { L+ 22 f (L a0+ 1)

=y = dy.
/ exp _(lyl*/2) 1 I
0 L+ X272 [ (14 A272)d/2(22 + 1)

Hence

> (lyl*/2) 1
/0 P { 1+ 2272 | (14 X272)(d+2)/2(X2 4 1) “
> (lyl*/2) 1
_ d
/0 exp{ 1+ 2272 [ (1 + A272)d/2(\2 4 1) A

S.3.4 Bivariate Confluent Hypergeometric Function Representations

Vy{logp(y)} = —y (S.5)

In this subsection we derive expressions for p(y) and Vy{logp(y)} in terms of the bivariate
confluent hypergeometric function ®; as defined in Section S.3.1.
The integral in (S.4) is
C(zllyl? %)

[ a 1
¢lad) :/0 P <_1+)\2b> (ESEILEIEES . (56

The change of variable

where

x = \2b/(1+ \?D)
in the (5.6) integral leads to
exp(—a) (' , 4 -1 —p,—pz
C(a,b):2\/5/0 " (1 —x)" (1= Ba) e Fda

where
v=1 A=l@d+1), g=1-bv"", p=1 and pu=—a

Application of (S.2) provides the bivariate confluent hypergeometric form

eXpl—a)\/m 1 1
C(a,b) = il d\)f\lgzl(jl)d—’_ 2)¢>1(;,1,;(d+2),1—b—1,a).
2

Plugging this into (5.4), with a = %||y||> and b = 72, we obtain

_1y2exp (= Slly[A)T(3d + 3
TdT(3d)

p(y) = (2727t ) P (3,1,2(d+2),1-72Lyl?). (ST

For the d = 1 special case, (5.7) reduces to an expression similar, but not identical, to that
provided by equation (A1) of Carvalho ef al. (2010). The main difference is an interchange in
the fourth and fifth arguments of the ®; function. This discrepancy is attributable to an error
in Gordy (1998), which we described in Section S.3.1.
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Next we seek an analogous expression for the score function. It follows from (S.5) that

D(5llyll*, )

Vylog{p(y)} = _yC(%Ilyllzﬂ)

where

o0 a 1
_ N dA
D(a,b) /O exp ( I )\25> (14 A20)(/2+1(X\2 4 1)

Calculations similar to those given in the previous section lead to

D(a,b) = 20 /0 - @) (1 f) e e

2v/b
where
V:%, )\:%(d"‘?))7 5:1_b71’ p:l and Iul:_a'
From (5.2), - ( )
exp(—a) V7l L .
D(a,b) = Di(5,1,5(d+4),1-b"",a).
(CL ) 2\[ (§d+2) 1(2 2( ) CL)
Next note that
P(zd+3) =T(zgd+5+1) = 5(d+ 1 (zd + 3)
and
I(3d+2)=T(3d+1+1) = (5d+ 1) (3d + 1),
This leads to
Dlap)  (@+ D1 (513(d+4).1-b7"a)
C@b)  (d+2)(41,4(d+2),1-b"a)
Hence

y(d+1)®1 (5,1, 5(d+4),1— 772, 1jy|?
Vylog{p(y)} = - .13 — ) (S8)
<d+2><1>1(§ Ad+2),1-772 dy|2)

When d = 1 this result matches equation (A2) of Carvalho et al. (2010) except for interchanges
in the fourth and fifth arguments of the ®; function. An error in Gordy (1998), which is de-
scribed in Section S.3.1, provides an explanation for this discrepancy.

S.3.5 Large ||y|| Approximation of the Score Function

In keeping with Result 3 being concerned with the limiting behaviour of the score function
as |ly|| — oo, throughout this subsection we assume that ||y|| > 1. The following cases are
treated separately (in order of complexity):

=1, 7>1 and 0<7<1.

In each case versions of the following result, from e.g. Section 13.1.5 of Abramowitz & Stegun
(1968), concerning the right-tail asymptotic behaviour of the univariate confluent hypergeo-
metric function:

11:((2; ez {1+ 0(lz[71)} forz > 0and |z| > 1,
Flabz) =9 1 (5.9)
F(b_a)(_m)_a{1+0(’$|_1)} forz < Oand |z| > 1.



The T =1 Case
If 7 = 1 it follows from Section 3.383 of Gradshteyn & Ryzhik (1994) that

y(d+ 117 (3,3(d+4),50ly)%)

Vy log{p(y)} = — 2 (5.10)
(d+2)1F (3, 3(d+2), Sly]2)
From (S.9),
P(3(d+4) ~L(a+3 -
1R (33 +4), dly)?) = (QF(l) ) exp () (Gllwl?) 22 {1 + 0(Jy )
2
and
I(3(d+2) L+ _
RS 3 +2), %) = (zw) ) exp (1wl (Gliwl?) 2 {1 + 0(Jy ).
2
Therefore,
1F1 (5. 5(d+4),5llyl%) _ 2{T(5(d+4))/T(5(d+2)) }Hlyl~>{1 + Oyl )}
1P (5, 3(d+2), 5lly]%) 1+ O(llyll?)
_ @2yl {1+ Oyl )}
1+ O(llylI=2)
We then have
d+ Dyllyl|=2{1 +O(||y| =2
v togfp(y)} =~ CEIMPLLECIE) o s s
The T > 1 Case
If > 1then0 < 1 — 772 < 1 and we can use (S.3) to obtain
1 (3.1, 3(d+4),1 -7 %HyH )
o (Bl — 772" 1 1 11,12
= exp (5]lyll” 1F1(5(d+3), 3(d+4) +n, —3lyl]").
HZ% (L d+4 )., (2 2 2 )
Next, from (S.9),
s(d+4) +n - .
(3 +3), 3+ 4) + - y)?) = (2F( T L3Iy a2 4 oy )
+3
which leads to
722(d+3)/2p(ld +9 B B
®1 (5,1, 5(d+4),1—772 3lly[?) = NG 24 +2) exp (3lyl1%) Iy~ {1+0(|y| )}
Similarly,
722+ D/2p (L 4 1) _ ~
® (5,1, 5(d+2),1—723|yl*) = NG 2 exp (3llyl1*) [yl =TV {1+0(|ly| )}

Substitution into (5.8) then leads to

—(d+ Dyllyll~*{1+O(lyl*)}

for |yl > 1. (S5.12)
1+ O(llylI=?)

Vylog{p(y)} =



The 0 < 7 < 1 Case

Recall from results in Section S.3.4 that

D(sllyl*,7°)
Vylog{p(y)} = ~y o755+
! C(sllyl?,72)
where .
— 1 1
C(a,b) = eng/ga) /O 273 (1—2)2@ 01 — (1 - b Hz)} et dy
and )
_ 1 1
D(a,b) = ex;)\(%a) /0 2721 —2)2 D1 — (1 — b Nz} e da.
Noting that
1-(1-bHe=b"{1-(1-b1-2)}
we have

| 1
Cla,b) = ;exp(—@\/z}/ 21— )2V - (1 b)(1— )} et da
0
The change of variables u = 1 — z leads to
\[/ L1 — )11 = Bu)Pe M du

where
v=3(d+1), A=} B=1-b p=1 and p=a.

Hence, from (S.2),

VorT'(3(d + 1))

2T (5(d + 2))

C(a,b) = @1(%(d+ 1),1,%(d+2),1—b,—a>.

Similar steps lead to

B \/%r(%(d+3))
- r(i(d+9)

Substitution of these alternative C(a, b) and D(a, b) expressions into (S.13) then gives

D(a,b)

@1 (5(d+3),1,5(d+4),1-b,-a).

(@+ 1)@ (3(d+3),1
(d+2)®, (%(d +1),1
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1
2
Vylog{p(y)} = —y ;
2

From Appendix B of Gordy (1998), and noting that 0 < 1 — 72 < 1,

@l(é<d+s>, Ad+4),1- %—lw)

(3 d+3 (=7

Next note that, from Section 13.1.5 of (5.9),

I'(5(d+4)+n)
I'(3)

1F1 (3, 5(d+4) +n, 5]yl?) =

(S.13)

(S.14)

exp (3wl?) (21wl2) "2 {1 1 o(lyl )}



Substitution into (S.14) then gives

1 (43,1 40+ 0,1 7 -y P)

R N CICA) I = I'(3(d+3)+n){2(1 - 72)}"
plvere v LU G }Z D
Similarly,

@1(%<d+1>, d+2),1 -7, ~Hy]?)

o ld+1 (=7 (5.15)
—3lyl?)> (& 1F1 (3, 5(d+2) + 0, 5]y)1%).

v d+2))
Again, from (S.9),
C(id+2)+n L “n
1P (3 4 (d+2) + 0, S yl?) = (2(;(1)” ) exp (311w1?) (3l 21+ 0yl ) ).
2
Substitution into (S.15) leads to
@1 (§d+1),1, 5 +2),1 -7 L]
2(+1/2p (1(d + 2)) (@11) ) L(3(d+1)+n){21 - 73)}"
1+ 0O(
Dty )ve I ol }Z ol
od+1)/21(Liqg 1 9
_ j;f F2) @ 14 oglyl ).
We then have
@1 (3(d+3).1 %<d+4>’1—72»—%||y”2) @+ 2yl {1+ Oyl )
@1 (3(d+1),1,3(d+2),1 =72, L |ly|?) {1+0(lyl=2)} '
This leads to
~ —(d+Dyllyl {1+ 0(lyll )}
Vylog{p(y)} = T+ 0(ly) for |yl > 1. (S.16)

S.3.6 Tail Limit of the Score Function

Results (S.11), (S.12) and (5.16) imply that, for all 7 > 0, the score has the following leading

term tail behaviour: @+ 1)
_l’_
Vy log{p(y)} ~ — ”y”;” for [ly| > 1. (5.17)

It follows immediately that
hm Vylog{p(y)} = 0.



S.3.7 Explicit Expressions for £(0|y)
Arguments similar to those used in Section S.3.4 for the score function lead to

@ (313 +4).1- 72 3 yl?)

E(6 =
O = Do (L1 3+ 2.1 =72 Ly

)y

An alternative expression, that uses an integration by parts step as described in the Proof of
Theorem 2 section of Carvalho et al. (2010), is

o) (@+ 1)@ (4,1,4(d+4),1- 72, 4jy|?)
E@ly)=<¢1-— Y (5.18)
(d+2)®1 (5,1, 53(d+2),1 72 3]|y|?)
S.3.8 Bounding of ||y — E(6]y)||
It follows from (S.8) and (S.18) that
ly — E@ly)[| = [|Vylog{p(y)}]- (5.19)
Because of (5.17) we then have
d+1
Vylog{p(y)} =0aty =0 and Vylog{p(y)} ~ —(Hy|2)y for |yl > 1.
Relationship (5.19) then provides
d+1
ly— E@ly)|| =0aty =0 and |y — E@ly)| ~ (Hy’) for ||yl > 1.

This result and the fact that ||y — E(6|y)|| is continuous in y implies that E|ly — E(8|y)|| is
bounded by some b, < oo that depends only on 7.

S.4 Derivation of Result 4

Consider the Bayesian model
p(yy, ..., y,|0) = H p(y;|0), 6 has prior density function pys 4 (0),

where, for1 < i <n,

- 2\—d/2 ly; — 6]
plul0) = (2r0%) P exp { - PEL

Suppose that 8° is the true value of 6. For each 8 € R?, the Kullback-Leibler divergence of

p(y;10) from p(y,|6°) is || °
0—06

KL (p(wi16°) Ip(y:16)) = 5"

For each € > 0 let
A = {9 : KL(p(yz’OO)Hp(ylle)) < 5} — {Hg _ 00”2 < 20'28}.

Application Proposition 1 of Bhadra et al. (2017), which is established in Barron (1987), with
e = 1/nleads to

1 1 1 1
Ro<o—vtog( [ pea@)do) = g | bsa(0)d0 | . (5:20)
n At/n n.on 16—6°(<ov/2/n
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S.4.1 The 6° =0 Case
For the 8° = 0 case (S.20) reduces to

R, < 1 llog ( / Prs,a(0) d0> . (S.21)
non [6]<o+/2/n

To determine the order of magnitude of the right-hand side of (5.21) we consider separately
(@)d=1and (b)d > 2.

S.4.1.1 Thed =1 Case
When d = 1 the bound in (5.21) becomes

Ro<s—Lio (, /373 / exp(62/2) E1(62/2) d9>
n o on
L, o2/ (5.22)
=—— —log <7r3/2/ u~1/? exp(u) Fy (u) du> .

n n 0

From Section 8.214 of Gradshteyn & Ryzhik (1994),
By(u) = —y —log(u) = >~ k (S.23)
k=1

where 7 = —digamma(1) is Euler’s constant. Combining (S.23) with the Taylor series expan-

sion of exp(u) we obtain

a?/n a?/n
/ w2 exp(u) By (u) du= / {- yu= % — w2 log(u)
0 0
+(1 — y)ul/2 — /2 log(u) + i(3 — 2fy)u3/2 + ... }du
=20 log(n)n Y2 + O(n~1/?).

It follows that
a?/n
log (7?_3/2 / w2 exp(u) By (u) du> = —1log(n) + log{log(n)} + O(1).
0

Substitution into (5.22) then leads to

R < los(n) _log{log(n)} <1> |

2n n n

S.4.1.2 Thed > 2 Case

In this section we assume that d > 2. To analyze

J(d,n, o) = 4(0)do

/ Pus
6l|<o/2/n
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we switch to hyper-spherical coordinates as follows:

01 =rcos(¢1),
Oy = rsin(¢p1) cos(pa),
03 =rsin(¢1) sin(p2) cos(ds),

04—1=rsin(¢1) - - - sin(pg—2) cos(pg_1),
Oqg=rsin(¢py) - - - sin(pg—_2) sin(pg—1)

wherer > 0,0 < ¢1,¢2,...,¢04-2 < mand 0 < ¢4_1 < 27. Then, noting that ||@|| = r and the
determinant of the Jacobian of the transformation is such that

d6 = " sin™ 2 (¢1) sin " (¢2) - - sin(Pg—2)dr dpr - - - dpa—1
application of Wallis” Theorem and some additional, but straightforward, algebra leads to

B I((d+1)/2)

o?/n
~ _ —1/2
J(d,n, o) T (d/2) /0 u exp(u) E(qq1)/2(u) du (5.24)

The next step involves approximation of the integral in (S.24) using series expansions of E 1)z (u)
and then applying results such as

o?/n
/ w2 du = 2an*1/2,
0 2
/ u'/?log(u) du = —203 log(n)n=3/2 + 2{6log(0) — 2}oin3/2,
0
o?/n
/ u'? du = %0371_3/2, (5.25)
0 2
o?/n
/ u?? log(u) du = —255 log(n)n=%2 + Z{101log(c) — 2}oon=5/2
0 2
o?/n
and / w32 du = 2650572,
0

The d Odd Case
If d is odd then %(d + 1) € Nand, from from 8.19.8 of Olver (2023),

(—u)@-Y/2{digamma((d + 1)/2) — log(u)} i 2(—u)k

Flarn/2lv) = @ 1)/  eoniganyy B 4+ DR
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This expansion, when combined with the Taylor series expansion of exp(u), leads to

a?/n 172
/0 u exp(u) E(gy1)/2(u) du
a?/n
:/0 (V2 4?4 Ly L g

—u)(@=D/2{digamma((d + 1)/2) — log(u) > 2(—u)k
X{() {digamma((d + 1)/2) —log(w} 3~ <>)k}du

_ ] o _
{(d—1)/2}! 0 l-1)/2 2k —d+1

- /(72/71 (_1)(d—l)/2u(d—2)/2{digamma((d+ 1)/2) —log(u)}
=/, {(d—1)/2}!
0o 2(_1)kuk—1/2
-2 M}du

k=0,k#£(d—1)/2

{(d—1)/2}!

0 2(_1)kuk+1/2
k=0,k#(d—1)/2 '

o/n [(—1)(@-1/2y 42 {digamma((d + 1)/2) — log(u)}
M

Application of (5.25) to the early terms in these series of integrals reveals that the leading term
of the integral in (5.24) is

2

2 7/ -1/2 4o -1/2
_(0—d+1)0!/0 " d“‘(d—l)” ‘

O{n=%?log(n)} ifd=3and On3?) ifd=5,7,9,...

The second term is

Therefore

o?/n 4o _
/0 w2 exp(u) Egt1y2(u) du = <d—1> n 240 (n73/2 log(n)l(d_3)> (5.26)
for all odd integers d exceeding 1.

The d Even Case
If d is even then £ (d + 1) ¢ N and, from 8.19.11 of Olver (2023),

e uk

ZF k+(3—d)/2)

=0

F((l — al)/2)71 exp(u)E(dH)/Q(u) = (d-1)/2 exp(u

Hence
2 n 0.2

o /n
r((1- d)/2)_1 /0 w2 exp(u) Eqgy1y/o(u) du :/U W D21 fut L+ ) du

o2kt 1y, —(2k+1)/2

Z (2k+ 1 (k+ (3—d)/2)

k=

—20n~1/2

_ - min(d,3)/
CT((3-4d)/2) +0( )

12



and we have

20T ((1 —d)/2)n1/?

p,— min(d,3)/
L(14(1—d)/2) +0( )

a?/n L1/
/0 u exp(u) Egq1y/2(u) du= —

(5.27)
4o - — min(d
_ (d—1> n12 4 O (- min(d)/2)
for all even positive integers d.
From (5.21), (S.26) and (5.27) we have
1 1 AT ((d+1)/2)on~1/? 1 log(n) 1
n<—— -1 = -
Bns 0 °g< Taa-1 o)) ==, 0 (n)
foralld > 2.
S.4.2 The 6° # 0 Case
In the 8° # 0 case we have the bound
1 1
R, < — — —log (/ Pusa(6) d9> : (5.28)
n n S(0°,0,n)

where
S5(6° 0,n)={0:0—86° <o\/2/n}.
If C(68°,0,n) is the largest hypercube inscribed in S (6°,0,n) then

/ Prs.a(0) dO > / Prsq(0) d. (5.29)
S(0°,0,n) C(6°,0,n)

For sufficiently large n, pus.(0) is a very smooth function over C (6°,0,n) and Taylor series
arguments can be used to establish that

/ pussa(8) dO = K (d, 8, c)n~Y/2{1 + o(1)} (8.30)
C(8°%,0,n)

for some positive constant K (d,8°, ). Application of (5.29) and (S.30) to the bound in (S.28)

then leads to il )
R, < og(n) + 0 (n> for 6% +#o.

2n

S.5 Derivation of Result 5
We first obtain an explicit expression for the posterior density function of . Note that

PN _ Joa Py ¥ Ay p(N) Jea PYIY)P (1N A

PN =) b(¥) b(¥)

It is easy to establish that

p(y|v) = 2r7) "% exp (—H;’;) exp {(1/712) [ Vec(quT) ]T [ _%Vfc(fd) H
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and

mw»=4%V@>W%nJUAVﬁ»[ e ].

vec(ypyp” —3zvec(lq)
Hence
-
pyl)p(lN) = (2mr2) /2 ex p< ”2?’” >(27T>\2722)_d/26><p{[ vect™) ] s ]}
where
m=u/r and =4 (G ) vecll) (S31)

As a function of v, p(y|¥)p(v|)) is a Multivariate Normal density function with natural pa-
rameters given by (S.31). Therefore, standard results concerning the normalizing factor of the
Multivariate Normal family leads to
1 1
| T
(5+5m) "

1 1 1 !

T
Xp | —5—=y 4+ 71 y
o [2(712)2 {<7'12 )‘2722> d} ]

P AN Iyl
2 /2 1 e L eI
=(@mm)” ( T2 ) eXp{ 2<Tf+vr§>}

We then have the following expression for the posterior density function of A:

2I(\ >>0 —dj2 y|?

~1/2

2
[ pllpeindy = rr) 2 exp< Iyl ) (A2r2) /2
]Rd

27’1

The posterior density function of v is

Py y) _ Jo p . NdA  p(ylY) fo p(#[N)p(A)dA
p(y) p(y) p(y) '

p(ly) =

Introduce following the notation, defined immediately after equation (4) of Wand & Jones
(1993):
ox(x) = (2m) 2|7 exp(— 2" =7 ).

Then
2_9\-d/2 el 2
/0 p(Pp|N)p(N)dA = / (2mA\“Ty) "% exp < 2272 ) (1427 dA
1
:(2/7T)/0 ¢A2T22[d(¢)m dX.
Since

p(ylep) = b2y, (y — ) = dr2p, (Y — y)
we then have
1

pp (el = /) [ 00, (0= Wb (b~ O 63
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From (A.1) of Wand & Jones (1993),

N13y
¢7121d (¢ — ?J)¢,\27221d (v —-0)= ¢(712+>\2 ( )¢{>\2Tl T2/(T34+2272)}H 4 <¢ - 7124—/\2722>
— (90 (12 4 \272)1—d/2 ||Z'JH2
_{ 71'(7'1 + 7'2)} exXp *m

Nriy
X¢{A2T17'2 +)\27'22)}Id <¢ - 712 T )\27_22) .

Therefore, the posterior density function of 1 has the following expression in terms of the
posterior density function of A:

N75y
¢|y / p )"y ¢{)\2T1T2 24 N272)} 4 <¢ B 7_12 4 )\27—22> dA.

Hence, with an interchange in the order of integration,

N13y
'l:b‘y / p )“y / ¢¢{A2TIT2 24 X272)} 4 /lib - 7_12 + )\27_22 d’(p dA

/\27'22
d\y 7‘
/ bl 'y< " > <T%+A2T§y)y

as required.
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